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Abstract

This article investigates the effects of geometric nonlinearity and thermal loading on the thermal stroke and nat-
ural vibration of a tensile nylon actuator. The proposed single-degree-of-freedom configuration consists of two
identical tensile nylon springs arranged in a V-shape (V-actuator). Loaded by an attached gravitational mass at
its actuation point and subjected to thermal loading, the actuator exhibits both negative thermal expansion and
compressive prestress. The thermomechanical actuating force induced by the thermal shortening of the actuator
springs lifts the attached external mass. This setup demonstrates a significant increase in both the thermal stroke
and tensile action force compared to a parallel spring arrangement under an identical gravitational load. The natu-
ral frequency of the actuator’s undamped small vibrations is determined from the static deflection induced by the
external gravitational mass and the thermal state of the springs. A computational model is developed based on
the measured tensile characteristics of the individual springs and the complete V-actuator assembly. Utilising the
updated Lagrangian formulation (ULF) for large displacements and a custom nylon twisted coiled spring (NTCS)
finite element, nonlinear incremental equations are established to calculate the elastic extension, thermoelastic
shortening, and total static deflection of the actuator’s operating point. These equations are solved using the incre-
mental Newton method. The results of this nonlinear algorithm are compared with a classical linear spring model
and selected numerical simulations are validated through experimental measurements on a physical prototype. The
findings reveal that geometric nonlinearity and heating significantly influence the actuator’s thermal stroke and the
natural frequency of the oscillating attached mass.
© 2026 University of West Bohemia in Pilsen.
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1. Introduction

Tensile coiled springs wound from nylon fibre (fishing line) are characterized by negative ther-
mal expansion and significant passive damping [4, 8, 9]. Due to these advantageous properties,
they can be applied in vibration dampers, in elastic support of smaller mechanical devices and
systems, as well as efficient actuators (artificial muscles) in mechatronic and prosthetic devices.
Current publications present results of research in the field of nylon spring production, mea-
surement and improvement of their mechanical and thermomechanical properties, as well as
methods of their thermal activation.

In [1], a novel type of coiled polymer actuator is demonstrated under thermal stimulation
realized via microwave radiation. The authors of [38] proposed a novel and facile methodology
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to chemically construct a thin and highly compliant metallic electrode onto a twisted and coiled
nylon-6 fibre (TCN) with a three-dimensional structure via surface modification of the TCN
eliciting gold-sulphur (Au–S) interaction for enabling durable electro-thermally induced actua-
tion performance of a TCN actuator (TCNA). In [10], the tensile deformation of chicken muscle
fibres and the temperature dependence of the tensile deformation of non-twisted nylon-6 lines
and twisted nylon-6 (artificial muscles) is studied. In [28], the graphene materials with high
thermal conductivity and low thermal mass were used as coating materials on a nylon twisted
and coiled actuator (TCA) surfaces to enhance its dynamic responses. In the study [26], the
training effect is investigated for a twisted and coiled nylon yarn heated over two temperature
ranges (25–50 ◦C and 50–75 ◦C). The training effect was most obvious in the lower temperature
range, but nearly absent in the higher temperature range. In [2], two types of coiled actuators
were fabricated by inserting certain numbers of twists to polyamide-6 (PA6) single fibres and
yarns. The effects of twisting numbers and precursors type on actuation responses, physical
properties, and structural changes were investigated. It was demonstrated that fibre-based and
yarn-based actuators had different actuation properties. The the former one showed a greater
actuation load and the latter one had a faster torsional actuation. The paper [29] provides a
comprehensive overview of the principles, fabrication strategies, and materials characteriza-
tion methods of twisted and coiled polymer actuators (TCPAs), including thermomechanical,
structural, and morphological analysis at different length scales. To achieve high durability and
excellent mechanical performances of cementitious materials, using of the TCPA is proposed
and studied in [12]. The employed TCPA has a structure of coiled nylon fibres with wrapping
stainless-steel fibres. In [3], the effect of draw ratio on the torsional actuation performances
of twisted nylon-6 fibre from an experimental and theoretical perspective is investigated. The
paper [33] explores solving the asymmetric, slow cooling contraction response of single TCPAs
by utilizing an antagonistic pair. The paper [39] reports that simple plying of two or more
twisted fibres produces a coiled muscle with a high spring index. This approach could lead to a
cost-effective way to create artificial muscles at a large scale.

Considerable attention is also devoted to computational modelling of the action response of
nylon devices to mechanical and thermal loading. In [37], a top-down, multi-scale framework
to model the thermo-mechanical actuation of twisted-then-coiled polymeric artificial muscles
is established. By linking the macroscopic helical spring, mesoscopic cylindrical laminate and
microscopic polymer chains, it precisely predicts the stroke and forces of these actuators. The
paper [34] discusses a new model and experimental characterization for thermal responses of
straight twisted polymer fibre (TPF) actuators in blocked torsion. The proposed model is de-
rived from combining the fibre stiffness matrix with the Shafer’s model of free torsion. The
paper [13] refers to key research on twisted and coiled polymer artificial muscles (TCPAMs)
and sensors, which use low-cost polymer fibres (such as standard fishing line) to create ad-
vanced soft robotics and wearable devices. The paper [30] explores the use of super-coiled
transparent polymer fibres specifically common nylon and fluorocarbon fishing lines as low-
cost, flexible optical waveguides. In [11], a new truss-type deployable manipulator actuated
by a parallel twisted and coiled nylon fibre actuator (PTCNYA) is proposed. The deployment
experiment, trajectory experiment, and grasping experiment are conducted under the physical
prototype to show the feasibility of the proposed manipulator is presented. In [14], a fascic-
ular module consisting of nylon twisted actuators in parallel connection was proposed and a
structural configuration method aiming to realize variable stiffness function was presented and
corroborated. The paper [36] establishes a physics-based model for predicting the actuation
performance of TCPAMs. The work [31] presents the development of a numerical model to
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describe the physical behaviour of a supercoiled polymer (SCP) fibres during thermal actuation
and describes the process of optical heat deployment in SCP used as a waveguide in the dual
actuator-sensor SCP system. In [5], an artificial muscle with large tensile stress and high sta-
bility is presented. The review [32] outlines the recent progress in twisted and coiled artificial
muscles and their diverse applications in soft robots.

Theoretical and applied research on nylon springs with negative thermal expansion and
compressive prestress is also carried out at the authors’ workplace. The article [24] presents
original results of research on the dampers with passive and semi-active damping using poly-
mer springs with negative thermal expansion. A universal device for measuring the stiffness
of nylon springs and the method of measuring the stiffness of nylon tension springs is pre-
sented in [7]. The work [15] explores the fundamental thermo-mechanical properties of TCPAs.
In [25], a mathematical-physical model for thermoelastic linear and nonlinear analysis of the
torsional actuator is compiled, yielding the values of rotation and the actuator’s torque. The
article [23] presents the results of research on the dampers with passive and semi-active damp-
ing using polymer springs with negative thermal expansion. In [19], the results of a structural
linear analysis of new dampers utilizing nylon springs are presented. In [16], a geometrically
nonlinear finite element of the link type was formulated without any linearization and utilized
for computing the large elastic elongation of a metal rod. The incremental solution exhibited
superquadratic convergence. An analysis of twisted polymeric fibres by X-ray diffraction is
presented in [27]. The results of the nonlinear thermoelastic analysis of nylon springs with neg-
ative thermal expansion were presented in a short conference paper [20], in which the solution
was obtained semi-analytically.

For computational geometric nonlinear elastic and thermoelastostatic analysis of the nylon
springs with negative thermal expansion, a custom geometrically nonlinear NTCS finite ele-
ment is established in [22]. The motivation for this activity was that commercially available
finite element software does not include a suitable geometrically nonlinear finite element for a
prestressed tension spring with negative thermal expansion. Modelling nylon springs using 3D
solid finite elements is also challenging because the required properties of the twisted nylon fibre
are difficult, if not impossible, to measure. This custom straight, two-node link finite element
is based on the updated Lagrangian formulation (ULF) at finite displacements. The stiffness
matrix of the spring finite element contains both linear and nonlinear parts. In [22], this finite
element was originally applied to the computational modeling and simulation of a single-spring
artificial muscle and a vibration damper with a parallel spring arrangement. This custom finite
element can be used for the modelling and dimensioning of artificial muscles and special ther-
moelastic actuators, as well as for designing flexible energy storage units for small stationary
or mobile systems made of nylon springs with negative thermal expansion and large extension
of the springs. The conference paper [6] presents the measurement results of the coefficient of
thermal expansion for a chosen nylon spring, which was conducted in a thermal chamber. In
the conference paper [8], we focused on the identification of the dynamic parameters of ny-
lon springs using an experimental method. The springs were loaded with a gravitational mass
and a vibration test based on the linear stiffness of the springs was performed. A dynamic lin-
ear system consisting of one and two springs was also modelled in the commercial software
MSC.ADAMS. A comparison of the natural frequencies of the attached gravitational mass re-
vealed significant discrepancies between the measurement and the computation. As might be
expected, these discrepancies arose due to an inaccurate computational model that neglected
both geometric nonlinearity and the behaviour of the springs when overcoming their initial pre-
stress. The effect of heating on the deformation and natural vibration of the springs was not
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considered. The short conference paper [18] deals with geometric nonlinear modeling and sim-
ulation of the nylon spring. Ref. [17] discloses a utility model of a device for measuring nylon
springs extension.

Based on our experience in the geometrically nonlinear modelling and simulation of a single
nylon spring, we presented our research on a V-actuator at the CM2025 scientific conference.
Partial results of this research are published in a short conference paper [21]. The present paper
represents a significant extension of that conference paper.

2. Background of the study

The natural circular frequency, natural frequency and period of free vibration of a single spring
loaded by attached external concentrated gravitational mass m (with a single degree of freedom)
can be calculated from the static spring deflection caused by this static gravitational loading.
Given the low weight of nylon, the self-weight of the spring can be neglected. Twisting the ny-
lon fishing line creates a tensile, nonlinearly stiffening spring with a compressive prestress force
Fp, which in the unloaded state at room temperature compresses the coils of the spring against
each other. To stretch it, it is necessary to load the spring, e.g., with a gravitational tensile force
Fm = mg greater than its prestress force Fp, where g is the gravitational acceleration. Fig. 1
shows the spring with an initial length l0, which changes to lm after its elastostatic elongation
vm under the gravitational force Fm.

After being heated by ∆T , the spring is shortened by the thermal stroke δT = kT∆T to
the length lmT due to the thermomechanical actuation force FT = kmkT∆T , where kT is the
negative thermal expansion coefficient, and km is the measured linear tensile stiffness of the
spring. The coefficient of thermal expansion of the physical nylon spring depends on the mag-
nitude of the tensile force Fm and must be determined by measuring its thermal contraction.
The thermoelastic static deflection of the spring is vmT = vm − δT , which is a function of the
elongation vm, force Fm, stiffness km, and temperature rise ∆T . From the condition vmT ≤ vm,
the allowable temperature rise ∆T for the given spring parameters and loadings can be deter-
mined. This procedure is applicable to linear deformation analysis for small spring extensions.

Fig. 1. Elastic elongation and thermal shortening of the nylon spring [18]
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At large extensions of the spring, it is necessary to update it according to the geometrically
nonlinear theory of continuum mechanics. This update incorporates an incremental method for
calculating the large static actuator deflection resulting from significant spring extensions and
contractions caused by both the gravitational force of the attached mass and thermal heating.
Fig. 2 shows the measured tensile characteristics of the nylon springs loaded with a continu-
ously increasing force Fm. Fig. 2a shows a tensile test of a nylon spring, whose initial length of
l0 = 85mm is extended by 26 %. Fig. 2b shows a tensile test for the nylon spring with an initial
length of l0 = 40mm, which is extended by 118 %. After such a large extension, the coils of
the shorter spring begin to unwind. During continuous unloading after reaching the permissible
load limit, the spring’s elongation shortens without significant hysteresis.

A comparison of the measured tensile characteristics shows that the geometric nonlinearity

(a)

(b)

Fig. 2. Measured tensile characteristics of the single nylon springs loaded with the mechanical force Fm,
with the initial length: (a) l0 = 85mm, (b) l0 = 40mm [22]
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Fig. 3. Computational diagram of the spring tensile test for linear (red line) and nonlinear (green line)
calculation model loaded by the gravitational Fm and thermomechanical FT forces

of the springs becomes significant at large elongations. However, the nonlinearity is already
noticeable at a smaller relative elongation of a longer spring, which is shown in Fig. 2a. The
reduction of the mechanical elongation of the spring caused by the constant loading force Fm

also activates its heating. These tensile tests were performed on the authors’ custom measuring
device [7]. As a basis for the computational analysis of the deformation response of the spring
to its total mechanical and thermal loads, Fm and FT , the simplified equivalent diagram of
the tensile test shown in Fig. 3 is considered. The linear behaviour is shown in red and the
nonlinear behaviour is shown in green in this figure. The horizontal axis of Fig. 3 shows the
total deformation quantities of the linear (index L) and nonlinear (index NL) calculation models.

The left side of this diagram represents mechanical elastic loading, whereas the right side
represents both the mechanical and thermomechanical loading of the spring. The measured
and equivalent diagrams consist of three parts, denoted in Fig. 2a by I, II, and III. In the first
part (I), which is linearised in Fig. 3, the loading force overcomes the negative spring prestress
Fp, thereby elongating the spring by the value vp. In this state, the effective axial force in the
spring is equal to zero. From these measured quantities, the initial linearized spring stiffness
kp = Fp/vp can be determined with sufficient accuracy. The magnitude of the elongation vp
increases with the initial spring length l0 (due to the increasing number of the compressed
spring coils). For the shorter spring depicted in Fig. 2b, this elongation is negligible. However,
as shown in Fig. 2a, for longer springs, the elongation is more significant, and must therefore be
considered in the calculation models. After overcoming the initial prestress, the spring begins
to elongate linearly in the second part (II) of the tensile characteristics. From this short region,
the linear spring stiffness km can be determined. In the third region (III), the spring behaves
as a nonlinearly stiffening spring. The spring stiffness increases with its increasing elongation
(with increasing tensile force), and it is geometrically nonlinear. If the spring loaded with the
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gravitational force Fm is heated by a temperature difference ∆T , a thermomechanical actuation
force FT = kmkT∆T arises in the spring, which reduces the mechanical elongation of the
spring and lifts the suspended concentrated mass m (corresponding to the gravitational force
Fm) by the value δT . The resulting static deflection caused by both the resulting mechanical
Fm and thermomechanical FT forces is vmT . For a linear single spring, vmT,L = vp +∆vmT,L,
where ∆vmT,L = (Fm − FT )/km. As described in [18], the resultant nonlinear static deflection
∆vmT,NL is calculated by incremental Newton method and the NTCS finite element.

The negative thermal expansion coefficient kT for a given mechanical force Fm can be de-
termined experimentally and computationally according to the method described and applied in
the articles [6,20,22]. Authors’ measurements revealed that the magnitude of this coefficient for
the measured spring decreases quasilinearly with increasing force Fm. At a certain magnitude
of the force Fm = Fm,max, the spring no longer shortens due to heating because kT approaches
zero. As indicated in [8], which deals with elastic vibration of the nylon springs, geometric non-
linearity and even the initial elongation vp are not considered in existing computational models.
This simplification subsequently leads to significantly different results between measurements
and computational simulations. For this reason, this article focuses on a complex computational
study of the influence of the geometric nonlinearity and heating on the parameters of the free
natural vibration of the nylon artificial muscles. When calculating the resulting static deflection
of the studied actuator, the displacement vp, caused by overcoming the negative spring prestress
Fp , is also considered. The issue of the influence of geometric nonlinearity and heating on
the natural frequency of a single-spring actuator was addressed in the authors’ work [18]. That
study confirmed the significant influence of these factors on the natural vibration of such simple
single-spring artificial muscle, which was also validated by measurements.

From the overview of the current literature concerning the issue of mathematical-computa-
tional analyses of the nylon actuators natural frequencies at large static extensions and shorten-
ings of the springs. However, nylon spring systems can be subjected to larger static or harmonic
mechanical or thermomechanical loading in practical applications. Knowledge of their thermal
stroke and natural free vibration parameters is therefore essential for their design and safe oper-
ation. These considerations motivated us to leverage our experience with the geometrically non-
linear modeling of single-spring nylon actuators to develop multi-spring configurations, aiming
to enhance their functionality and actuation efficiency.

In the present paper, a single-degree-of-freedom thermomechanical actuator is proposed,
which is assembled using two V-shaped nylon springs (V-actuator). Considering the prescribed
boundary conditions (2), its sole degree of freedom is the displacement of the actuation point
in the direction of the gravitational force exerted by the attached external concentrated mass.
The resulting static deflection is induced by the gravitational force of this attached mass as well
as by the thermomechanical force arising from the heating of the springs (thermal stroke). The
custom NTCS finite element [22] is used for the geometrically nonlinear deformation analysis
of the actuator. Based on this resulting static deflection of the actuator, the natural frequency of
the undamped oscillation of the attached mass is determined. To calculate the static deflection of
the V-actuator, the measured parameters of the physical springs are considered. The influence
of geometric nonlinearity and heating on the actuator’s thermal stroke and natural frequency
of the oscillating mass is investigated. The low self-weight of the springs is neglected. Since
the resonant frequency of the actuator is investigated, spring damping is not included in the
computational analyses.
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3. Computational procedure for investigating the influence of geometric nonlinearity and
heating on the thermal stroke and natural oscillation frequency of the V-actuator

In this section, the computational procedure for investigating the influence of geometric non-
linearity and heating on the thermal stroke and natural frequency of the free vibration of the
V-actuator is presented. As mentioned above, this procedure is based on the incremental ULF
for large displacements of a deformable continuum and on the finite element method (FEM).
The tensile V-actuator is assembled using two identical nylon springs. An external mass ma is
connected to node 1, which causes a tensile gravitational force Fa. The individual springs of the
V-actuator are modelled by the custom NTCS finite elements [22]. The V-actuator in the form
of a vertically symmetrical tensile rod system in the initial undeformed configuration is shown
in Fig. 4a. For the deformation and frequency analyses, the actuator is modelled as a connection
of two identical NTCS finite elements in the global planar coordinate system (x, y).

According to Fig. 4a, the finite elements are defined by the measured initial parameters
of the springs: the length l0, the linear and linearized stiffnesses km and kp, the compressive
prestress force Fp, and the negative thermal expansion coefficient kT . The initial half-span
angle of the actuator is φ0, a = l0 sinφ0 is the span parameter, and h0 = l0 cosφ0 is the vertical
height. The local axes of springs (finite elements) 1 and 2 are marked as x1l and x2l. These local
axes form initial angles α10 and α20 with the global x-axis. Zero displacements (fixed joints)
are prescribed at nodes 2 and 3. Due to the vertical symmetry of the geometry and loads, the
actuator has only one degree of freedom in the direction of the global y-axis at the node 1. The
resultant tensile gravitational force Fa = mag (caused, e.g., by the weight of the mass ma) acts
at node 1 in the opposite direction to the coordinate y-axis, where g = 9.81m/s2 is gravitational
acceleration. Due to thermoelastic functionality of the actuator, the gravitational force Fa must
be greater than the resulting vertical compressive force of the springs prestress.

This gravitational force causes large vertical displacements at node 1 due to a large change in
the initial length of the springs. Heating both mechanically extended springs from the ambient
temperature by a temperature difference ∆T triggers an action in the form of lifting the mass

(a) (b)

Fig. 4. The V-actuator: (a) in the initial undeformed configuration, (b) in the initial undeformed position
(blue colored), in the deformed position after the load step ∆t from time t (the reference configuration,
red coloured) to time t+∆t (the instant configuration, green coloured) [21]
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ma up, maximally to the initial configuration of the actuator (the blue-coloured configuration
in Fig. 4b). Based on the ULF, its current reference configuration is located at time t (the red-
coloured configuration in Fig. 4b). According to Figs. 4b and 6, the increment in the mechanical
and thermal loads of the actuator,

∆Fan =
∆Fa

nmax
=

Fa − (Fpa + FTa)
h0

l0

nmax
=

Fa − 2 (Fp + FT )
h0

l0

nmax
,

causes a displacement increment t∆v = ∆F an/
tkma,NL at point 1 from the reference configu-

ration t to the current configuration at time t + ∆t. In this current configuration, the vertical
displacement at node 1 is t+∆tv = tv + t∆v. The magnitude of the load increment depends
on the selected number of load steps nmax. In this study, the same increment magnitude is
considered for all load steps. FT = kmkT∆T is the resultant thermomechanical force in each
spring due to heating ∆T , where kT is the negative thermal expansion coefficient that must be
obtained experimentally. According to Fig. 4b, the springs and actuator reference parameters
at time t are the vertical displacement tv, the springs length tl, the height th, the effective axial
force tN , the tensile vertical nonlinear stiffness of the actuator tkma,NL, and the spring angles
tα1 and tα2. The reference configuration of the actuator gradually changes during the incremen-
tal geometric nonlinear solution method up to the position caused by the total magnitude of the
gravitational Fa and temperature FT forces. A procedure for establishing the incremental equa-
tions for calculating the increments of the primary quantities (nodal displacements and reaction
forces) of the V-actuator is briefly presented in Section 3.1. In the descriptions above, the time
designation has only a formal meaning, serving only to indicate the position of the deformed
spring configuration during individual loading steps.

When ∆T = 0, the deformation of the actuator caused solely by the gravitational force Fa is
investigated. If nmax = 1, a purely linear response of the actuator to the applied gravitational,
or thermomechanical load is obtained. The resultant linear static deflection of the actuator
is denoted by the symbol va,L in the following calculations. For nmax > 1, the resultant
geometrically nonlinear static vertical displacement va,NL of actuator node 1 is obtained. The
convergence of the incremental method for solving the geometrically nonlinear static deflection
depends on the number of load steps.

When the resultant static equilibrium deflection t+∆tv ≡ va at node 1 (after nmax load
steps) of the V-actuator is known, the angular frequency of the natural undamped small oscilla-
tion of the external mass ma suspended on the actuator can be determined. In the calculation of
the natural angular frequency of the actuator, the oscillation amplitude of the attached mass ma

around the resultant static equilibrium deflection va,L or va,NL is assumed to be small. For an
actuator with a single degree of freedom, the angular frequency of free natural vibration around
the nonlinear statical deflection va,NL is ω0,NL =

√
ka,ef/ma, where the effective vertical stiff-

ness of the actuator is ka,ef = mag/va,NL. The nonlinear static deflection includes the nonlinear
relationship between the applied gravitational force Fa = mag = ka,efva,NL and the equilibrium
geometrically nonlinear static deflection of the actuator va,NL. Hence, ka,ef = mag/va,NL and
then ω0,NL =

√
g/va,NL. As shown by the tensile test of the actuator in Fig. 5, the effective

stiffness of the actuator (ka,ef ) should comprise three different stiffnesses. Determining its dis-
crete value is practically very difficult, if not impossible. But the geometrically nonlinear static
deflection (va,NL) of the actuator for the resulting actuator load is determined using a geometri-
cally nonlinear computational model, which incorporates the entire tensile characteristic of the
actuator. For this reason, the natural angular frequency in this study is determined from static
displacements va,NL and va,L.
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Fig. 5. Measured tensile diagrams of the springs with a length l0 = 85mm and the V-actuator with a
span a = 51.13mm, loaded by mechanical forces Fm and Fa [21]

3.1. Establishment of the geometrically nonlinear incremental equations to determine the elas-
tostatic and thermoelastostatic deflections required for the thermal stroke and the natural
frequency calculation of the V-actuator

The procedure for establishing the incremental equations for calculating the increments of the
primary quantities (nodal displacements as well as reaction forces, if needed) of the V-actuator
is based on ULF and FEM. Each spring of the actuator is assumed to be a two-node NTCS
link-type finite element [22] with two degrees of freedom at each nodal point in the planar
global coordinate system (x, y). The nonlinear global stiffness matrix of the finite elements
No. 1 and No. 2 in the planar global coordinate system has a dimension of 4 × 4. After their
extension, these stiffness matrices have a dimension of NDOF × NDOF, where NDOF = 6 is
the total number of degrees of freedom of the three nodal points of the actuator. The process of
constructing the extended global nonlinear stiffness matrix [ tKa,NL] of this actuator is standard
within the FEM procedure. The nonlinear stiffness matrix contains a linear and a geometric part.
It should be noted that the linear stiffness matrix is not modified during the incremental solution
process. Only the geometric stiffness matrix is updated. The resulting general global FEM
equations of the actuator for calculating the unknown displacement increments and coupling
reactions for the common time step ∆t has the following form:

[
tKa,NL

]


t∆u1
t∆v1
t∆u2
t∆v2
t∆u3
t∆v3

 =



t∆R11

∆F12
t∆R21
t∆R22
t∆R31
t∆R32

. (1)

On the left-hand side of (1), in addition to the nonlinear stiffness matrix of the actuator
[ tKa,NL] at the reference configuration (at time t), there are the displacement increments of
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nodes 1–3 in the directions of the global x- and y-axes (denoted by the letters u and v, respec-
tively). On the right-hand side of (1), there are the increments of the coupling reactions at nodes
2 and 3 (denoted by the symbol ∆R) in the direction of the x-axis (index 1), and the y-axis (in-
dex 2). The term ∆F12 = ∆Fan is the increment of the load at node 1 (index 1) in the direction
of the y-axis (index 2). After applying the boundary conditions

t∆u1 =
t∆u2 =

t∆u3 =
t∆v2 =

t∆v3 = 0, ∆R11 = 0, (2)

the reduced system

[
tKa,NL

]


0
t∆v1
0
0
0
0

 =


0

∆Fan
t∆R21
t∆R22
t∆R31
t∆R32

 (3)

is obtained for calculating the increment of the vertical displacement of node 1 ( t∆v1) and the
increments of the coupling reactions at nodes 2 and 3.

In (3), the global nonlinear stiffness matrix of the actuator is the sum of the global nonlinear
stiffness matrices of finite elements No. 1 and No. 2 in the reference configuration t: [ tKa,NL] =
[ tK1,NL]+[ tK2,NL]. The global nonlinear stiffness matrix of finite element No. 1 at the reference
configuration is equal to the sum of the extended linear and geometric matrices: [ tK1,NL] =
[K1,L] + [ tK1,G]. The extended linear stiffness matrix of the finite element No. 1 reads

[K1,L] = km


c21 s1c1 −c21 −s1c1 0 0
s1c1 s21 −s1c1 −s21 0 0
−c21 −s1c1 c21 s1c1 0 0
−s1c1 −s21 s1c1 s21 0 0
0 0 0 0 0 0
0 0 0 0 0 0

,

where s1 = sinα10 = h0/l0, c1 = cosα10 = a/l0, and km is the linear stiffness of the spring.
The extended geometric stiffness matrix of the finite element No. 1 reads

[
tK1,G

]
=

tN1

tl1



tc21
ts1

tc1 − tc21 − ts1
tc1 0 0

ts1
tc1

ts21 − ts1
tc1 − ts21 0 0

− tc21 − ts1
tc1

ts1
tc1

ts1
tc1 0 0

− ts1
tc1 − ts21

ts1
tc1

ts21 0 0
0 0 0 0 0 0
0 0 0 0 0 0

,

where tc1 = cos tα1 =
th/tl, ts1 = sin tα1 = a/tl. The term tN1 is the effective axial force in

the finite element No. 1 with the length tl1 at the reference configuration t.
The global nonlinear stiffness matrix of the finite element No. 2 at the reference position is

equal to the sum of the extended linear and geometric matrices: [ tK2,NL] = [K2,L] + [ tK2,G].
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The extended linear stiffness matrix of finite element No. 2 has the following form:

[K2,L] = km


c22 s2c2 0 0 −c22 −s2c2
s2c2 s22 0 0 −s2c2 −s22
0 0 0 0 0 0
0 0 0 0 0 0

−c22 −s2c2 0 0 c22 s2c2
−s2c2 −s22 0 0 s2c2 s22

,

where s2 = sinα20, c2 = cosα20. The extended geometric stiffness matrix of the finite element
No. 2 at the reference position reads

[
tK2,G

]
=

tN2

tl2



tc22
ts2

tc2 0 0 − tc22 − ts2
tc2

ts2
tc2

ts22 0 0 − ts2
tc2 − ts22

0 0 0 0 0 0
0 0 0 0 0 0

− tc22 − ts2
tc2 0 0 tc22

ts2
tc2

− ts2
tc2 − ts22 0 0 ts2

tc2
ts22

,

where tc2 = cos tα2, ts2 = sin tα2. The term tN2 is the effective axial force in finite element
No. 2 with the length tl2 =

tl1 in the reference configuration t. The global nonlinear stiffness
matrix of the finite elements No. 1 and No. 2 at the reference position is the sum of its linear
and geometric matrices: [ tK1,NL] = [K1,L] + [ tK1,G] and [ tK2,NL] = [K2,L] + [ tK2,G]. After
performing the appropriate mathematical operations, the resulting equation

t∆v1 =
∆F12

2

[
km

(
h0

l0

)2

+
tN
tl

(
th
tl

)2
] ≡ t∆v =

∆Fan

tkma,NL

(4)

is obtained from (3) for calculating the unknown increment of the vertical displacement of
node 1 in the current loading step.

In (4), ∆F 12 = ∆Fan is the above-mentioned load increment for each loading step, and
2
[
km (h0/l0)

2 + tN/tl (th/tl)
2
]
= tkma,NL = tkma,L + tkma,G is the vertical nonlinear stiff-

ness of the actuator in the respective reference configuration, consisting of the sum of the lin-
ear tkma,L = 2km (h0/l0)

2 and geometric tkma,G = 2tN/tl (th/tl)
2 vertical stiffnesses. The

notation of t∆v1 is simplified to the notation of t∆v in (4). Using the calculated vertical dis-
placement increment of node 1, the coupling reaction increments at the nodes 2 and 3 can be
calculated from (3). Subsequently, the increments of the spring extension and the effective axial
forces in the springs, as well as the geometric parameters of the actuator in the current config-
uration t + ∆t are determined. For instance, the vertical displacement at point 1 in the instant
configuration t+∆t is t+∆tv = tv+ t∆v, the actuator height is t+∆th = th+ t+∆tv, the length
of the springs is t+∆tl =

√
a2 + t+∆th2, the extension of the springs is t+∆t∆l = t+∆tl − l0,

and the current effective axial force in the springs is t+∆tN = (km + tN/tl) t+∆t∆l. These
actuator parameters at time t+∆t will serve as the reference parameters at time t for the next
loading step. The incremental solution of (4) is carried out over i = 1, nmax loading steps.
Analogous to the solution of the static deflection of a single spring [18], the above incremen-
tal method for solving the nonlinear actuator equation must be updated for the first load step
(i = 1) due to nonlinear shape of the measured tensile characteristic of the springs to include
its first part (I), see Fig. 2a.
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Fig. 6. Simplified tensile diagram of the V-actuator for the computational linear and nonlinear models
for thermoelastic loading

Fig. 5 shows the measured tensile characteristics of two individual springs of the same
length l0 = 85mm (represented by the blue and red lines) loaded with a continuously increasing
force Fm. From this diagram, a high consistency between the springs is evident. The physical
V-actuator is assembled from these two springs with a spring span a = 51.13mm (φ0 = 37◦).
This span was obtained by measuring the physical model of the actuator. The actuator is loaded
with a mass ma, corresponding to the gravitational force Fa = mag. The measured tensile
characteristics of the actuator is shown in Fig. 5 by the green line. Analogous to the measured
tensile diagram of individual springs that is shown in Fig. 2a, the measured diagram of the V-
actuator also consists of three regions. In the first region, the loading force overcomes the initial
compressive prestress Fpa. At the end of this part of the diagram, the effective axial force in the
springs is equal to zero, because the current tensile loading force at this point equals the negative
prestress of the actuator Fpa. The corresponding displacement is denoted as vpa. By linearly
extending the short second section of the tensile diagrams in Fig. 5, the linear stiffness lines
of the individual springs as well as that of the actuator are obtained. The black lines in Fig. 5
determine the linear stiffness of a single spring km and the linear stiffness of the actuator kma.
In the third region, the measured stiffness of the actuator increases nonlinearly. As expected, the
stiffness of the actuator with the considered span a is greater than the stiffness of the individual
springs. This arrangement of springs allows for greater action intervention of the V-actuator.

A simplified diagram of the tensile test of the actuator loaded with the gravitational force
Fa is shown in Fig. 6. Analogously to the simplified tensile diagram of a single spring shown
in Fig. 3, the simplified tensile diagram of the actuator is characterized by three regions. In the
first region, the loading force overcomes the initial compressive prestress in the springs. The
measured curve of the tensile diagram of the actuator in Fig. 5 is linearized in Fig. 6 within this
first region. In the second and third parts of the simplified tensile diagram (Fig. 6), the red line
shows the linear response, while the blue curve represents the nonlinear response of the actuator
to the applied load. The vertical displacement of actuator node 1 is denoted as va in Fig. 6.

According to Fig. 5 and Section 2, the measured prestress in the single springs is Fp, which
corresponds to the measured spring elongation vp. The linearized stiffness of a single spring
in the first part of the tensile diagram is then kp = Fp/vp and the linear stiffness is km. From
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the measured spring parameters, the input parameters of the actuator can be determined by
the following expressions: Fpa = 2Fph0/l0 is its compressive prestress, kpa = 2kp(h0/l0)

2 is
its linearised initial stiffness, and the initial vertical displacement of node 1 of the actuator is
vpa = Fpa/kpa = Fp/(kph0/l0). After overcoming the negative prestress, the individual spring
behaves linearly over a short section with the measured linear stiffness km. This linearity of
the springs is also reflected in the tensile diagram of the V-actuator with its measured or calcu-
lated linear stiffness kma,L = 2km (h0/l0)

2. After this part of the tensile diagram, the individual
spring as well as the V-actuator begin to stiffen nonlinearly. As already mentioned, this nonlin-
earity increases significantly with increasing mechanical elongation springs by the force Fa. To
include the first linearized part of the tensile characteristic in the incremental solution method,
the reference actuator configuration for the first loading step (i = 1) is defined by the effective
axial force in the springs tN = 0 and the initial displacement of node 1 of the actuator tv = vpa.
The calculated actuator stiffness for the first loading step is tkma,NL ≡ kma,L, i.e., it is equal to
its linear stiffness, which is then nonlinearly reinforced during the subsequent loading increase.
The above procedures for calculating the resultant static deflection and resonant frequency of
the V-actuator have been implemented in the software MATHEMATICA [35] within a custom
calculation program called Vnylonactuator. This program is used to perform the computational
analysis of the V-actuator loaded by an attached mass and subjected to heating of the springs.
The calculation results are presented in Section 3.2. In all subsequent nonlinear numerical
calculations, nmax = 100 loading steps are used to obtain convergent results with sufficient
accuracy. The convergence of the geometrically nonlinear calculation for the static thermoe-
lastic deflection of the V-actuator, using the Vnylonactuator code, is presented in Section 3.2
(Case 3).

3.2. Numerical calculation of the static deflection and natural angular frequency of the
V-actuator

The physical model of the V-actuator is assembled from springs, whose measured tension dia-
grams for ∆T = 0 are shown in Fig. 5. Due to small differences in their tensile characteristics,
the spring, whose measured tensile characteristics is marked in blue in Fig. 5, was selected
for the computational model of the actuator. These springs were wound on our proprietary
device [15] from a nylon line Specialist Catfish with the diameter of 0.7 mm. The simplified
equivalent characteristics for the elastic and thermoelastic, linear and nonlinear extension of the
nylon spring is shown in Fig. 3. By measuring this spring, the following parameters were de-
termined: the initial spring length l0 = 85mm, the initial spring stiffness kp = 0.61N/mm, the
initial spring elongation vp = 4.01mm, the compressional spring prestress force Fp = 2.45N,
and the linear spring stiffness km = 0.16N/mm.

As the authors’ measurements show, these parameters do not change even when the con-
tinuously increasing loading is interrupted at a lower or higher force, such as the maximum
force Fm shown in Fig. 5. Both the actuator and the springs unload along the same path as
during loading without significant hysteresis. The process of continuous spring loading and
unloading is repeatable without a significant change in the tensile path. The results of the com-
putational analyses of the V-actuator, focused on the effects of geometric nonlinearity and heat-
ing on the deformation and natural frequency under various actuator loadings, are documented
in the following five cases (Case 1 to Case 5). In all computational analyses, a spring span
of a = 51.13mm is considered, while the magnitude of the static deflections and the angular
frequency are compared with an actuator having parallel spring arrangement.
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Case 1: Effect of the force magnitude Fa = mag on the linear and nonlinear elastostatic
deflection and the natural angular frequency of the V-actuator
In Case 1, the results of the computational analysis of the V-actuator are presented to assess
the influence of geometric nonlinearity on its natural angular frequency of the oscillating mass.
The natural angular frequency of the oscillating mass is determined considering a small dis-
placement from its equilibrium position. The initial length of the springs is l0 = 85mm and
the initial half-angle of spring span φ0 = 37◦. For this angle, the span and the initial height
are a = 51.13mm and h0 = 67.9mm, respectively. The measured tensile characteristics of
the considered springs is shown in Fig. 5. From the above-mentioned quantitative parameters
of the selected springs, the following parameters of the actuator are calculated: the prestress
force Fpa = 3.914N, the vertical displacement vpa = 5.03mm, the initial prestress stiffness
kpa = 0.78N/mm, and the linear stiffness kma,L = 0.204N/mm. These calculated parame-
ters agree well with the results of the measurement of the tensile characteristics of the actuator
shown in Fig. 5. The results of the computational simulation for Case 1 are presented in Ta-
ble 1. The gravitational force Fa = mag varies from 3.94N (slightly larger than the actuator
prestress Fpa = 3.914mm) to 30N. At this force, a large static extension of the springs occurs.
∆F a = Fa − 2Fph0/l0 is the resultant computational load applied around tensile line after
overcoming the actuator prestress Fpa. The variables va, ω0, ∆l and N are the resultant static
deflection, the natural angular frequency, the spring extension and the effective axial force, re-
spectively. The indices L and NL denote the results of the linear and nonlinear simulations,
respectively. The index exp denotes the results of the actuator measurements. Fig. 7 shows the
chosen results graphically. It is noteworthy to mention that large amplitudes of natural vibration
are outside the scope of this article.

As shown in Table 1 and Fig. 7, significant difference between the linear and nonlinear static
deflections occurred for larger values of the force Fa. The magnitudes of the measured deflec-
tion are in good agreement with the nonlinearly calculated quantities. The linear extension of
the springs (∆lL) significantly exceeds the size of their initial length l0 already at Fa = 25N.

Table 1. Computational elastostatic and natural frequency analysis results compared with experimental
measurements for the V-actuator under various gravitational force magnitudes (Fa) for Case 1

Fa ∆Fa va,L va,NL va,exp ω0,L ω0,NL ω0,exp ∆lL ∆lNL NL NNL

[N] [N] [mm] [mm] [mm] [rad/s] [rad/s] [rad/s] [mm] [mm] [N] [N]

3.94 0.026 5.15 5.15 6.68 43.64 43.64 38.32 4.17 4.17 0.026 0.025
5.00 1.086 10.34 10.22 10.75 30.80 30.98 30.21 8.47 8.37 0.713 0.66
5.55 1.640 13.04 12.76 12.77 27.43 27.73 27.72 10.74 10.50 1.08 0.99
6.06 2.146 15.08 14.65 14.84 25.50 25.88 25.71 12.47 12.10 1.35 1.24
6.94 3.026 19.40 18.54 18.09 22.49 23.00 23.29 16.17 15.43 1.94 1.75
8.01 4.096 24.64 23.11 22.15 19.95 20.60 21.03 20.72 19.39 2.67 2.37
9.15 5.236 30.22 27.81 26.19 18.02 18.78 19.35 25.64 23.51 3.46 3.02

10.07 6.156 35.17 31.84 29.41 16.70 17.55 18.26 30.60 27.09 4.17 3.60
10.31 6.39 36.35 32.78 30.21 16.39 17.30 18.02 31.11 27.92 4.34 3.73
15.00 11.086 59.32 50.06 – 12.83 14.00 – 52.11 43.56 7.69 6.32
20.00 16.086 83.80 66.74 – 10.82 12.12 – 75.09 59.02 11.37 9.03
25.00 21.086 108.29 82.17 – 9.52 10.93 – 98.46 73.54 15.11 11.69
30.00 26.086 132.77 97.14 – 8.59 10.05 – 122.09 87.78 18.89 14.40
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(a) (b)

(c) (d)

Fig. 7. Calculated and measured quantities as functions of the gravitational force Fa = mag for Case 1:
(a) static deflection va, (b) natural angular frequency ω0, (c) spring extension ∆l, and (d) effective axial
force N

This is therefore an unacceptable state of the actuator. A less significant effect was also ob-
served in the evaluation of the natural angular frequencies. The natural frequency significantly
decreases with increasing load (with an increasing external mass ma). It should be noted that
our automatic measuring device allowed us to measure the displacement of point 1 of the actu-
ator to the maximum value of va,exp = 30.21mm (Fa = 10.31N, ma = 1.05 kg).

Case 2: Analysis of deformation and natural frequency of V-actuator loaded with a force
Fa = 5.55N (ma = 0.57 kg) under various heating ∆T ∈ ⟨0, 29⟩ ◦C
The V-actuator, with the parameters presented in Case 1, is loaded with the force Fa = 5.55N
(ma = 0.57 kg), and with the various temperature rise ∆T ∈ ⟨0, 29⟩ ◦C. The individual springs
are elongated with the force Fm = 3.44N. For this magnitude of the force Fm, the measured
coefficient of the negative thermal expansion of the springs is kT = 0.22mm/◦C.

The calculated resultant quantities shown in Table 2 are defined as follows: va is the ther-
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Table 2. Results of elastic (∆T = 0 ◦C) and thermoelastic (∆T > 0 ◦C ) analyses, including the natural
angular frequencies of the actuator under constant load Fa = mag = 5.55N and varying temperature
increments ∆T ∈ ⟨0, 29⟩ ◦C with kT = 0.22mm/◦C for Case 2

∆T [◦C] 0 5 10 15 20 22 24 27 29
FT [N] 0.00 0.18 0.35 0.53 0.704 0.77 0.84 0.95 1.02
∆Fa [N] 1.64 1.35 1.07 0.79 0.51 0.40 0.29 0.12 0.005
va,L [mm] 13.04 11.66 10.28 8.91 7.53 6.98 6.43 5.60 5.05
sTL [mm] 0.00 1.38 2.76 4.13 5.51 6.06 6.61 7.44 7.99
va,NL [mm] 12.76 11.47 10.16 8.84 7.50 6.96 6.42 5.60 5.05
sTNL [mm] 0.00 1.29 2.60 3.92 5.26 5.8 6.34 7.16 7.71
hL [mm] 80.94 79.56 78.18 76.81 75.43 74.88 74.33 73.50 67.9
hNl [mm] 80.66 79.37 78.06 76.74 75.40 74.86 74.32 73.50 72.95
lL [mm] 95.74 94.58 93.42 92.27 91.13 90.67 90.22 89.54 89.09
lNL [mm] 95.50 94.41 93.31 92.21 91.10 90.66 90.21 89.54 89.09
∆lL [mm] 10.74 9.58 8.42 7.27 6.13 5.67 5.22 4.54 4.09
∆lNL [mm] 10.50 9.41 8.31 7.21 6.10 5.66 5.21 4.54 4.08

φL [
◦] 32.28 32.74 33.20 33.67 34.15 34.34 34.54 34.84 35.04

φNL [
◦] 32.37 32.81 33.04 33.69 34.16 34.85 34.54 34.84 35.04

NL [N] 0.33 0.89 0.71 0.52 0.34 0.25 0.19 0.08 0.01
NNL [N] 0.99 0.82 0.99 0.49 0.32 0.27 0.18 0.08 0.01

kma,L [N/mm] 0.204 0.204 0.204 0.204 0.204 0.204 0.204 0.204 0.204
kma.NL [N/mm] 0.22 0.216 0.214 0.211 0.209 0.207 0.206 0.205 0.204
ω0,L [rad/s] 27.43 29.00 30.89 33.18 36.09 37.49 39.06 41.85 44.07
ω0,NL [rad/s] 27.72 29.24 31.07 33.31 36.17 37.54 39.09 41.85 44.07
∆ω0 [rad/s] 0.29 0.24 0.18 0.13 0.08 0.05 0.03 0.00 0.00

moelastostatic deflection, ω0 is the natural angular frequency, ∆l is the springs elongation, and
N is the effective axial force in the springs. FT = kmkT∆T is the resultant thermal force in
the springs caused by the corresponding heating ∆T , ∆F a = Fa − 2 (Fp + FT )h0/l0 is the
computational resultant force acting on the actuator due to the mass ma and the heating ∆T ,
acting after overcoming the pressure prestress in the actuator springs. The variable sT is the
thermal stroke of the actuator, and l is the length of the springs after the resultant gravitational
and thermal loadings. Furthermore, φ is the half-opening angle of the springs, and kma is the
stiffness of the actuator. The thermal stroke sT is determined as the difference between the
vertical displacement of point 1 of the actuator due to the tensile force Fa at zero temperature
rise (∆T = 0 ◦C) and the displacement of this point at the resultant mechanical and thermal
force Fm and FT . Finally, ∆ω0 is the difference between the angular frequencies obtained by
the linear and nonlinear computational models.

The static deflection of the actuator is measured for temperature increases of ∆T = 0 ◦C and
27 ◦C. At zero heating, the elastic deflection va,exp = 12.77mm is measured. This deflection
corresponds to the natural angular frequency ω0,exp = 27.77 rad/s. In the case of heating of
∆T = 0 ◦C, the thermoelastic deflection va,exp = 6mm is measured, which corresponds to a
thermoelastic natural angular frequency of ω0,exp = 40.43 rad/s. Fig. 8 shows the calculated
linear and nonlinear results graphically in red and blue. The measured results are represented
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(a) (b)

(c) (d)

Fig. 8. Comparison of calculated and selected measured quantities for a constant gravitational force
of Fa = 5.55N and various heating ∆T for Case 2: (a) static deflection va, (b) thermal stroke sT ,
(c) stiffness kma, (d) natural angular frequency ω0

by the green-coloured dots in Fig. 8a and 8d.
Based on the obtained calculation results shown in Table 2 and Fig. 8, the following con-

clusions can be drawn. For the applied gravitational load Fa = 5.55N, a relatively large
thermal stroke sT is achieved at the relatively low temperature rise. The temperature rise of
∆T = 29 ◦C = ∆Tmax can be considered as the limit for the selected spring configuration, be-
cause the effective axial force in the springs is already close to zero. The heating of the springs
significantly increases the natural angular frequency of the actuator. This occurs because at
higher spring heating the resultant static deflection va of the actuator significantly decreases.
For the relatively small resultant thermoelastic extensions of the springs, the frequency differ-
ence between the linear and nonlinear solutions, ∆ω0, is logically not significant. Due to the
lower tensile load, the coefficient of thermal expansion is large, which results in a larger thermal
stroke even with a minor heating. The measured quantities are in satisfactory agreement with
the results of both the linear and nonlinear calculation.
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To compare the magnitude of the thermal stroke, a calculation was made for an actuator
with the span of a = 0mm. For this parallel arrangement of the springs, ∆Tmax = 8 ◦C and
sTNL = 1.82mm. The thermal expansion coefficient is kT = 0.23mm/◦C. As can be seen from
this comparison, the thermal stroke of the V-actuator with a spring span of 51.13mm is 4.27
times larger.

Case 3: Elastostatic and thermoelastic deformation analysis and the natural frequency of
the V-actuator loaded with a force Fa = 10.07N (ma = 1.026 kg) under various heating
∆T ∈ ⟨0, 140⟩ ◦C
The V-actuator with the same parameters as presented in Case 1 is considered. Compared
to Case 2, the actuator is loaded with larger force Fa = 10.07N (ma = 1.026 kg) and with
various heating ∆T ∈ ⟨0, 140⟩ ◦C. The individual springs are then elongated with the force
Fm = 6.26N. For this value of the force Fm, the coefficient of negative thermal expansion
of the springs is kT = 0.17mm/◦C. The calculated results are shown in Table 3 and selected
results are displayed in Fig. 9. The calculated quantities in Table 3 are labelled analogously to
those in Table 2.

From a comparison of the calculated results for Case 3 with those from Case 2, the increase
in the force Fa was reflected in a greater difference between the displacements and angular
frequencies calculated by the linear and nonlinear actuator models. At ∆T = 140 ◦C, this dif-
ference disappears. Despite a smaller thermal expansion coefficient kT and a larger load ma, the

Table 3. Results of the elastostatic and thermoelastic deformation analyses and the natural angular fre-
quencies for Case 3 of the V-actuator, loaded with a force of Fa = 10.07N (ma = 1.026 kg) and with
various heating ∆T ∈ ⟨0, 140⟩ ◦C, and kT = 0.17mm/◦C

∆T [◦C] 0 5 10 30 50 80 100 130 140
FT [N] 0.00 0.14 0.27 0.82 1.36 2.18 2.72 3.54 3.81
∆F a [N] 6.15 5.94 5.72 4.85 3.98 2.68 1.81 0.51 0.07
va,L [mm] 35.17 34.11 33.05 28.79 24.53 18.15 13.89 7.51 5.38
sTL [mm] 0.00 1.06 2.12 6.38 10.64 17.02 21.28 27.66 29.79
va,NL [mm] 31.84 30.99 30.13 26.62 23.03 17.43 13.55 7.48 5.38
sTNL [mm] 0.00 0.85 1.71 5.22 8.81 14.41 18.29 24.36 26.46
hL [mm] 103.07 102.01 100.95 96.69 92.43 86.05 81.79 67.90 73.28
hNL [mm] 99.74 98.89 98.03 94.52 90.93 85.33 81.45 75.38 73.28
lL [mm] 115.06 114.11 113.16 109.38 105.63 100.09 96.46 91.11 89.35
lNL [mm] 112.09 111.32 110.56 107.47 104.32 99.48 96.17 91.08 89.35
∆lL [mm] 30.06 29.11 28.16 24.38 20.63 15.09 11.46 6.09 4.36
∆lNL [mm] 27.09 26.32 25.56 22.47 19.32 14.48 11.17 6.08 4.35
NL [N] 4.17 4.02 3.86 3.26 2.66 1.77 1.19 0.34 0.55
NNL [N] 3.60 3.47 3.35 2.86 2.36 1.60 1.09 0.32 0.05
Ka,L [mm] 0.204 0.204 0.204 0.204 0.204 0.204 0.204 0.204 0.204
Ka,NL [mm] 0.25 0.25 0.25 0.24 0.24 0.23 0.22 0.21 0.205
ω0,L [rad/s] 16.70 16.96 17.23 18.46 19.99 23.25 26.57 36.14 42.70
ω0,NL [rad/s] 17.55 17.79 18.04 19.19 20.64 23.72 26.91 36.21 42.70
∆ω0 [rad/s] 0.85 0.83 0.81 0.73 0.65 0.47 0.34 0.07 0.00
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(a) (b)

(c) (d)

Fig. 9. Dependence of the calculated quantities of the V-actuator for Case 3, loaded with a force of
Fa = 10.07N (ma = 1.026 kg) under various heating levels ∆T ∈ ⟨0, 140⟩ ◦C, and kT = 0.17mm/◦C:
(a) static deflection va, (b) thermal stroke sT , (c) stiffness kma, (d) natural angular frequency ω0

large elastic deflection allows the springs to heat up to their limit values ∆Tmax = 140 ◦C, thus
achieving the larger thermal stroke of the actuator. The effect of spring heating significantly
increases the natural frequency of the actuator. The current state of our measuring equipment
did not allow verification of the calculated results for ∆T > 0 ◦C by measurement. The mea-
sured values of the natural frequency of the actuator for the force Fa = 10.07N and ∆T = 0 ◦C
are also presented in Table 1. Their agreement with the results of the nonlinear calculation is
acceptable. To compare the magnitude of the thermal stroke, a calculation was made for an ac-
tuator with the span of a = 0mm. For this parallel arrangement of the springs, ∆Tmax = 85 ◦C
and sTNL = 14.97mm. As can be seen from this comparison, the thermal stroke of the actu-
ator with a spring span of 51.13mm is 1.77 times larger. The thermal expansion coefficient is
kT = 0.19mm/◦C.

To assess the convergence of the geometrically nonlinear calculation of the thermoelastic
deflection of the V-actuator, the results from Table 3 for a temperature rise of ∆T = 5 ◦C
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were selected. For nmax = 1 (linear solution), the static deflection equals 34.11mm. The
geometrically nonlinear deflection for nmax = 100 steps is 30.989mm. For nmax = 99, the
nonlinear static deflection is equal to 30.99mm, for nmax = 1000 steps it is 30.968mm, and
for nmax = 2000 steps the deflection is 30.967mm. With a decreasing number of load steps,
the static deflection converges toward the linear solution obtained at nmax = 1. For example,
for nmax = 3, the static deflection is 31.82mm, and for nmax = 2, it is 32.30mm. It follows
that with an increasing number of steps, the static deflection solution converges nonlinearly from
above and the computational model is stable. A similar convergence behaviour was observed
for all other load cases. Therefore, the chosen number of 100 load steps is sufficient.

Case 4: Elastostatic and thermoelastic deformation analyses and the natural angular frequency
of the V-actuator loaded with a force of Fa = 20N (ma = 2.04 kg) under various heating
∆T ∈ ⟨0, 140⟩ ◦C
In Case 4, the V-actuator, with the same parameters as presented in Case 1 is considered. Com-
pared to Cases 2 and 3, the actuator is loaded with a larger force, Fa = 20N (ma = 2.04 kg),
and subjected to various heating ∆T ∈ ⟨0, 140⟩ ◦C. The individual springs are then elongated
by a force of Fm = 12.52N. For this value of the force Fm, the coefficient of negative thermal
expansion of the springs is kT = 0.058mm/◦C. The magnitude of this force is close to the max-
imum permissible force Fm,max = 15.67N, for which kT = 0mm/◦C. The calculated results
are shown in Table 4 and selected results are displayed in Fig. 10. The calculated quantities in
Table 4 are labelled analogously as in Tables 2 and 3.

As the results in Table 4 and Fig. 10 show, the influence of geometric nonlinearity and

Table 4. Results of the elastostatic and thermoelastic deformation analyses and the natural frequencies
for Case 4 of the V-actuator, loaded with a force of Fa = 20N (ma = 2.04 kg) under various heating
∆T ∈ ⟨0, 140⟩ ◦C with kT = 0.058mm/◦C

∆T [◦C] 0 5 10 30 50 80 100 130 140
va,L [mm] 83.80 83.44 83.08 81.63 80.17 77.99 76.54 74.36 73.64
sTL [mm] 0.00 0.36 0.72 2.17 3.63 5.81 7.26 9.44 10.16
va,NL [mm] 66.75 66.50 66.27 65.31 64.36 62.91 61.94 60.48 59.99
sTNL [mm] 0.00 0.24 0.47 1.43 2.38 3.83 4.80 6.26 6.75
hL[mm] 151.70 151.34 150.98 149.53 148.07 145.89 144.44 142.26 141.54
hNL [mm] 134.64 134.41 134.17 133.21 64.36 130.81 129.85 128.38 127.89
lL [mm] 160.09 159.745 159.40 158.03 156.65 154.59 153.23 151.17 150.49
lNL [mm] 144.02 143.80 143.58 142.69 141.80 140.45 139.55 138.19 137.74
∆lL [mm] 75.09 74.74 74.40 73.03 71.65 69.59 68.26 66.17 65.49
∆lNL [mm] 59.03 58.80 58.58 57.69 56.80 55.45 54.55 53.19 52.74

φL [
◦] 18.63 18.72 18.72 18.89 19.06 19.32 19.50 19.78 19.87

φNL [
◦] 20.79 20.84 20.87 21.00 21.15 21.36 21.50 21.73 21.80

NL [N] 11.37 11.32 11.26 11.04 10.82 10.49 10.27 9.47 9.84
NNL [N] 9.03 8.99 8.95 8.79 8.63 8.39 8.23 7.99 7.91

Ka,L [N/mm] 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20 0.20
Ka,NL [N/mm] 0.31 0.31 0.31 0.31 0.31 0.31 0.30 0.30 0.30
ω0,L [rad/s] 10.82 10.84 10.87 10.96 11.06 11.21 11.32 11.48 11.54
ω0,NL [rad/s] 12.12 12.14 12.17 12.25 12.35 12.49 12.58 12.74 12.79
∆ω0 [rad/s] 1.30 1.30 1.30 1.29 1.29 1.28 1.28 1.26 1.25
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(a) (b)

(c) (d)

Fig. 10. Calculated quantities of the V-actuator as functions of temperature increases ∆T ∈ ⟨0, 140⟩ ◦C
for Case 4, under a constant force of Fa = 20N (ma = 2.04 kg) with kT = 0.058mm/◦C: (a) static
deflection va, (b) thermal stroke sT , (c) stiffness kma, (d) natural angular frequency ω0

heating is more significant in comparison with the previous Cases 2 and 3. To compare the
magnitude of the thermal stroke for Fa = 20N, a calculation was made for an actuator with
the span of a = 0mm. The thermal expansion coefficient is equal to 0.10 mm/◦C, which is
almost twice as large as that for the spring span of 51.13mm. For this parallel arrangement of
the springs, ∆Tmax = 140 ◦C and sTNL = 10.60mm. The thermal stroke of the actuator with
the spring span of 51.13mm is 1.54 times smaller, which is due to a significant reduction in the
thermal expansion coefficient of the springs. The above results indicate that the actuation and
resonant frequency of the V-actuator can be strongly dependent on the spring span. This effect
will be investigated in our future research on this V-actuator system.

Table 5 presents a comparison of the values of thermal stroke, thermal expansion coefficient,
static deflection and natural angular frequency at the ultimate heating levels of ∆T = 29 ◦C
for Case 2 and 30 ◦C for Cases 3 and 4 for a span of 51.13mm. With an increasing value
of the force Fa at approximately the same temperature rise, the thermal expansion coefficient
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Table 5. Comparison of the thermal stroke, thermal expansion coefficient and natural angular frequency
from Cases 2–5 for temperature rise of ∆T = 29 ◦C (Case 2), 30 ◦C (Cases 3 and 4), and 0 ◦C (Case 5)

Case 2 3 4 5
Fa [N] 5.55 10.07 20 30
Fm [N] 3.44 6.26 12.52 16.03

kT [mm/◦C] 0.22 0.17 0.058 0.00
sTL [mm] 7.99 6.38 2.17 0.00
sTNL [N] 7.71 5.22 1.43 0.00
va,L [mm] 5.05 28.79 81.63 132.77
va,NL [mm] 5.05 26.62 65.31 97.14
ω0,L [rad/s] 44.07 18.46 10.95 9.52
ω0,NL [rad/s] 44.07 19.99 12.25 10.05

and, consequently, the thermal stroke decrease. The increasing force Fa significantly increases
the static deflection and significantly reduces the natural angular frequency. The significant
influence of geometric nonlinearity on the static deflection is reflected in a less pronounced
effect on the natural angular frequency. However, with an increasing force Fa, the heating can
be increased up to its ultimate value to achieve a larger thermal stroke. The last column of
Table 5 shows the results of the elastostatic deformation and modal analysis of the actuator
loaded with a force of Fa = 30N (Case 5).

In Case 5, the individual springs of this actuator are loaded with a force Fm = 16.03N.
However, this force exceeds the permissible value of Fm,max = 15.57N for springs, at which
the thermal expansion coefficient becomes zero. Consequently, the natural angular frequency
for Case 5 is evaluated for the heating ∆T = 0 ◦C (elastostatic analysis).

Table 6 compares the static deflection, thermal stroke, and natural angular frequency for
the permissible heating levels ∆T in Cases 2–4 at the corresponding applied force Fa. As
expected for these ultimate states of the heating ∆T , the effect of geometric nonlinearity on
the natural angular frequency is not significant, as the limiting heating minimizes the static
deflection caused by the gravitational force Fa. However, an increasing force Fa significantly

Table 6. Comparison of the static deflection, thermal stroke, thermal expansion coefficient and natural
angular frequency for Cases 2–4 at heating ∆T = 29 ◦C (Case2) and 140 ◦C (Cases 3 and 4)

Case 2 3 4
∆Tmax [

◦C] 29 140 140
Fa [N] 5.55 10.07 20
Fm [N] 3.44 6.26 12.52

kT [mm/◦C] 0.22 0.17 0.058
sTL [mm] 7.99 29.79 10.16
sTNL [mm] 7.71 26.46 6.75
va,L [mm] 5.05 5.38 73.64
va,NL [mm] 5.05 5.38 59.99
ω0,L [rad/s] 44.07 42.70 11.54
ω0,NL [rad/s] 44.07 42.70 12.79
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reduces the natural angular frequency. The smallest thermal stroke occurs in Case 4 with a
force Fa = 20N, which is caused by the smallest thermal expansion coefficient. Nevertheless,
the weight lifted is almost double that of Case 3. The lowest natural angular frequency also
corresponds to this larger load. In Case 4, the critical force (Fm,max = 15.57N) has not yet
been reached (Fm = 12.52N), but further heating is no longer permissible due to the material
properties of the nylon fiber.

4. Conclusions

Nylon springs with negative thermal expansion are used in engineering applications as low-
cost and lightweight tensile thermomechanical actuators (artificial muscle). The tensile nylon
springs under consideration exhibit geometric nonlinear stiffening and are characterized by an
initial compressive prestress and negative thermal expansion. Due to this negative thermal ex-
pansion, heating a stretched spring loaded with an external mass generates a tensile thermome-
chanical force that lifts the mass (thermal stroke). The magnitude of the thermal stroke depends
on the negative coefficient of thermal expansion and on the heating of the spring. In the case of
spring elongation due to the weight of the attached mass, the maximum thermal stroke is lim-
ited by this elongation. However, the coefficient of thermal expansion significantly decreases
with the increasing magnitude of the loading gravitational force. Consequently, the thermal
stroke depends inversely on the magnitude of this gravitational force. Heating is also limited by
a critical temperature at which the physical properties of the nylon fibre are adversely altered.
Therefore, the application of a single spring for a high-tensile-force thermomechanical actuator
has significant limitations. The actuation output of a single-spring actuator can be increased by
various arrangements of multiple nylon springs.

This article deals with the geometrically nonlinear computational modelling and simulation
of the static thermoelastic deflection of a tensile thermomechanical actuator formed by two
nylon springs connected in a V-shape, referred to as the V-actuator. The external lumped mass
ma is connected at the junction node (actuation point) of the springs. This attached mass induces
a tensile gravitational force Fa acting at the actuation point of the actuator.

The main motivation behind the V-actuator design is to increase its actuation stroke com-
pared to a parallel arrangement of the same two springs. This study includes the calculation
of the natural angular frequency of the undamped oscillation of the external mass attached to
the V-actuator. This research also aims to determine how geometric nonlinearity and heating
influence the static deformation, thermal stroke and natural frequency of the V-actuator carrying
an external concentrated mass ma.

Since the functionality of this actuator involves large changes in the initial length of the
springs due to static gravitational and thermomechanical loading, the nonlinear theory of con-
tinuum mechanics and the finite element method are applied for their deformation analysis.
Based on the updated Lagrange formulation of large displacements of a continuum, the incre-
mental finite element equations are established for this actuator to calculate its static deflection
caused by the attached concentrated mass and the heating of the springs.

Using this equilibrium static deflection, the natural frequency of the oscillating external
mass is determined. The physical actuator, having a spring span of a = 51.13mm, is mod-
elled using custom nylon twisted coiled spring (NTCS) finite elements [22]. The established
nonlinear equations are solved by the incremental Newton method considering the complex
shape of the measured tensile characteristic of the physical nylon actuator prototype loaded
with mechanical and thermomechanical forces. This measured tensile characteristics of the ac-
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tuator is characterized by three regions. In the first region, the loading forces overcome the
negative spring prestress. In the second, relatively short part of the characteristic, the actuator
shows a linear dependence on the loading forces. In the third part of the tensile characteris-
tic, the actuator exhibits nonlinear stiffening behaviour. The tensile characteristic is reversible
and repeatable without significant hysteresis. The results of the performed numerical simula-
tions of the V-actuator show a significant influence of geometric nonlinearity and heating on
its static equilibrium deflection and the resonant frequency of the natural undamped vibration,
especially during large elastostatic equilibrium elongations and thermomechanical shortenings
of the springs.

The main contributions of this article consist of the creation of a physical and computational
model of the thermomechanical tensile nylon V-actuator for calculating its static deflection and
thermal stroke caused by mechanical and thermal loading, with a subsequent calculation of
the undamped resonant frequency of the oscillating attached external mass. The established
computational model includes the influence of geometrical nonlinearity and spring heating, as
well as the initial response of the actuator to the non-conformal elongation of the springs when
overcoming their initial compressive prestress. The magnitude of this elongation depends on
the number of coils. For shorter springs, this part of the extension can be neglected. However,
for longer springs, their inclusion in the computational model is essential. The results of the
numerical calculations demonstrate the necessity of applying geometrically nonlinear models
to the studied actuator, especially at large spring elongations. The influence of increased spring
heating is extremely pronounced. It significantly reduces the static deflection and increases the
natural frequency of the V-actuator. The selected numerical results achieved with the geomet-
rically nonlinear model are in excellent agreement with experimental measurements performed
on physical prototypes of the actuator. Another key contribution of this paper is demonstrating
that a V-shaped arrangement of two springs multiplies the thermal stroke several-fold compared
to a parallel alternative. However, there is a specific upper limit to the gravitational load Fa,
attached to the actuator, beyond which a parallel spring arrangement becomes more efficient.

The algorithm for calculating the static deflection and the angular frequency of natural vibra-
tion of the studied actuators is processed using the software MATHEMATICA [35] into a custom
code Vnylonactuator. The modelling and simulation procedure of the studied V-actuator can be
applied to design other thermomechanical nylon actuators with different numbers and geometric
arrangements of the tensile nylon springs.

Our future research will focus on expanding the capabilities for measuring and computa-
tional modelling of the thermoelastic and dynamic behaviour of physical actuators and dampers
made of nylon springs. An important area of their mathematical and computational modelling
is the optimization of their geometry, including alternative spring spans and multi-spring con-
figurations and loading to meet the conditions for reliable functionality and efficiency. The
effect of the spring span of the V-actuator on its thermal stroke and natural frequencies under
different mechanical and thermal loads will be investigated. Furthermore, we will investigate
the forced vibration of nylon actuators with both passive and active damping and the compiled
mathematical models will be augmented to facilitate optimal automatic control of the physical
electro-thermomechanical devices made of nylon springs.
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ity and heating on the natural frequency of the V-actuator made of nylon springs, Proceedings of
the 40th conference Computational Mechanics (CM2025), University of West Bohemia in Pilsen,
Srnı́, 2025, pp. 136–141.
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