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Abstract

This research addresses the uncertainty quantification of time-dependent partial differential equations (PDEs) with
random parameters. The stochastic Galerkin method, a sampling-free intrusive approach, is employed instead of
sampling- or quadrature-based methods to overcome the slow convergence and high computational cost associated
with high-resolution models. An acoustic wave propagation problem with a log-normal random field approxima-
tion for wave speed is illustrated. The stochastic partial differential equation with the inputs and outputs expanded
using polynomial chaos expansion (PCE) is transformed into a set of coupled deterministic PDEs and discretized to
yield a system of linear equations. To handle the increased memory requirements with increasing mesh size, time
step and number of random parameters, domain decomposition-based (DD-based) solvers are utilized. A conjugate
gradient iterative solver with a two-level Neumann-Neumann preconditioner is applied to the symmetric positive
definite system matrix showing their efficient scalability. This combination of the stochastic Galerkin method and
DD-based solvers enables large-scale real-time applications involving acoustic waves.
© 2026 University of West Bohemia in Pilsen.
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1. Introduction

Uncertainty quantification (UQ) can be regarded as the process of identifying, propagating and
quantifying the uncertainty in computational models [13, 31]. Uncertainty in these models can
be associated with the assumptions used in modelling, inherent variabilities in parameters, ini-
tial and/or boundary conditions, the associated data for calibration, etc. Inclusion of these
uncertainties into the computational modelling framework provides a response with quantified
uncertainty which is essential for high consequence systems such as aerospace, military appli-
cations, medicine, epidemiology, economics, etc.

This article focuses on the parametric uncertainty (uncertainty in model parameters includ-
ing initial or boundary conditions) and their quantification. A functional dependence of un-
certainty from input to output is not explicitly available for most physical models. Moreover,
this dependence is nonlinear even for a linear system with Gaussian randomness. For example,
consider the case of a linear spring with Gaussian variability in stiffness. The uncertainty in the
output can be non-Gaussian because of the nonlinear dependence of the model parameters on
the output.

Monte Carlo simulations (MCS) provide an estimate of the uncertainty in output by prop-
agating identically distributed independent samples of input through the model. The mean
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estimate converges to the truth with increasing number of samples. However, the slow rate of
convergence necessitates a large number of samples which is prohibitive for high-resolution
PDE models. PCE-based surrogates are widely used to model parametric uncertainties in PDEs
replacing MCS [5,9,25,34,35]. Random quantities are expanded in this method using orthogo-
nal polynomials of random variables forming a subspace. Projections on to this subspace mini-
mizing the error provide the deterministic coefficients in the expansion which are used for com-
puting the response statistics. Non-intrusive spectral projection (NISP) or collocation methods
approximate the computation of these deterministic coefficients using sampling or quadrature
utilizing the deterministic code as a black box [9, 10, 20]. Even though this allows the modeller
to reuse an existing deterministic model, an increasing number of stochastic parameters leads to
an exponential increase in the number of samples or quadrature points necessary for accuracy.
This becomes prohibitive for high-resolution PDE models.

Uncertainty for high-resolution PDE models can also be tackled using intrusive/sampling-
free approaches [13]. Unlike sampling-based approaches, which require a large number of real-
izations to achieve convergence, intrusive methods directly propagate input uncertainty through
the governing model. This is achieved by altering the original PDE by a stochastic PDE. This
extra effort in one-time conversion can be compensated by an accurate solution compared to
NISP and a reduction in execution time for the same set of expansion parameters [10]. The spec-
tral stochastic finite element method (SSFEM), also known as the stochastic Galerkin method,
was originally developed by Ghanem and Spanos [13] and is a popular intrusive approach for
solving stochastic PDEs with random parameters. In the following text, the term stochastic
Galerkin method is used for consistency. Stochastic Galerkin method essentially transforms the
original stochastic PDE into a set of coupled deterministic PDEs by a Galerkin projection. Fi-
nite element discretizations of these deterministic PDEs lead to a large set of linear or nonlinear
equations. This stochastic system contains a coupled set of (P + 1)×N equations, where P is
the number of terms in the spectral expansion of the output and N is the number of determin-
istic degrees of freedom in the finite element discretization. Solving this ensuing large system
of equations becomes a formidable task considering the coupled structure and computational
requirements for inversion.

In this article, a DD-based algorithm is utilized to tackle this problem by distributing the
memory and computations to many processes. A non-overlapping DD-based Neumann-Neu-
mann preconditioner is used along with the conjugate gradient iterative solver which accelerates
its convergence. Increasing the number of random variables or order of expansion decreases the
sparsity and increases the condition number of the stochastic system which can be handled using
these two-level preconditioners. Thus, application of DD-based methods provides a natural
way to decompose the overwhelmingly large system of equations from the intrusive method
and allows the construction of preconditioners to iterative solvers. Wave propagation problems
are solved using collocation and stochastic Galerkin methods having random coefficients in
[4, 6, 14, 23, 24, 36]. However, they do not utilize domain decomposition methods or a large
number of random variables which this article focuses on.

On the other hand, “embarrassingly parallel” algorithms can be easily applied for sampling-
based approaches by solving a single or many samples in individual cores. However, for high-
resolution PDE models a single core may not be able to handle the memory requirement even for
the deterministic system. Application of DD-based methods to reduce the memory requirement
can also be applied here by decomposing the deterministic problem into subdomains before
sampling. However, for each sample evaluation, the communication cost between processes
can significantly impact the overall time to solution and reduce the efficiency of the method.

68



S. Sharma / Applied and Computational Mechanics 20 (2026) 67–90

Even though the deterministic time-dependent problem has an improved condition number
compared to the static case with addition of mass and damping matrices, significant challenges
still exist in terms of stochastic problems with respect to parallel scaling.

1. The random input parameters of the model are nonlinearly transformed to the output and
thus small changes to the inputs can have drastic effects on the output for a stochastic
time-dependent problem.

2. A wave propagation problem deals with values in the range sufficiently high as the am-
plitude of forcing or initial condition and significantly small in the range of zero. These
varying data ranges and the Courant-Friedrichs-Lewy (CFL) condition necessitate a suf-
ficiently small time step and spatial discretization. It is also important to note that the
quantification of uncertainty can become erroneous without a sufficiently discretized de-
terministic model.

3. The uncertainty for a time-dependent problem varies drastically with time for the wave
propagation problem. The probability density functions (PDFs) at different time steps
of the time-dependent problem can be non-Gaussian and with multiple peaks [27]. To
capture these uncertainties, we need higher order expansions which will increase the di-
mensionality of the problem.

From the above considerations, the main contributions of the article are listed as
1. development of the mathematical framework for a DD-based two-level parallel scalable

solver for the time-dependent problem in a deterministic and stochastic setting;
2. application of the stochastic Galerkin method for a time-dependent acoustic wave propa-

gation problem with a random field representation of wave speed;
3. demonstrating the scalability of the solver with respect to random parameters.
This article is organised as follows: The deterministic acoustic wave propagation and the de-

terministic two-level Neumann-Neumann preconditioner formulations are explained first. The
stochastic wave propagation with a random process representation of wave speed is formu-
lated using the stochastic Galerkin method along with the probabilistic version of the precon-
ditioner. The numerical section illustrates the strong and weak scalability of the solver for
the stochastic problem. Many related numerical investigations are presented in this section:
A stochastic one-dimensional axial bar vibration problem is considered to compare the differ-
ent uncertainty quantification methods for a time-dependent problem. The stochastic Galerkin
and non-intrusive methods are compared against Monte Carlo solutions. The verifications of
solutions for deterministic and stochastic problems in two dimensions are also presented.

2. Acoustic wave propagation in deterministic media

Acoustic wave equation models the propagation of pressure waves through a fluid medium [28].
The initial disturbance moves fluid particles to transfer momentum to adjacent particles, sustain-
ing wave propagation across the medium. The speed of particles in motion is a characteristic
of the medium called characteristic speed of propagation or wave speed. This characteristic
speed is a function of the temperature, pressure and other characteristics of the fluid medium.
In the deterministic setting, this wave speed is assumed to be a constant, whereas in some cases
it might be necessary to take the spatio-temporal variation of the wave speed into consideration
for accurately predicting the wave mechanics. The amplitude of oscillation for each particle is
measured as the sound pressure whose strength depends on the initial disturbance. The initial-
boundary value problem for a wave propagating through a two-dimensional domain D with a
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constant wave speed c can be written as [28, 37]

∂2u(x, t)

∂t2
+ η

∂u(x, t)

∂t
− c2 ∇2u(x, t) = f(x, t) in D × (0, T ), (1)

u(x, t) = Φ(x, t) on ΓD × (0, T ), (2)

∇u(x, t) · n̂ = Ψ(x, t) on ΓN × (0, T ), (3)

u(x, t) = u0(x) in D, (4)

∂u(x, t)

∂t
= v0(x) in D, (5)

where u is the acoustic pressure, Φ(x, t) and Ψ(x, t) are the functional forms of Dirichlet and
Neumann boundary conditions, u0(x) and v0(x) represent the initial pressure and the corre-
sponding initial rate of change of the acoustic pressure, and f(x, t) is the external forcing.
ΓD ∪ ΓN is the complete boundary formed by the union of Dirichlet and Neumann parts and
n̂ represents the outward normal to the boundary at x. The weak form for the deterministic
acoustic wave equation is given by [37](

∂2u

∂t2
, v

)
+ η

(
∂u

∂t
, v

)
+ a(u, v) = (f, v) ∀v ∈ V, (6)

where
a(u, v) = c2

∫
D

∇u · ∇v dx, (f, v) =

∫
D

fv dx,

and the test function v(x) lies on V = {v ∈ H1(Ω) : v = 0onΓD}. The above weak form is
semi-discretized using the finite element method leading to [26, 37]

Mü+Cu̇+Ku = f , (7)

where M,C,K are the mass, damping and stiffness matrices, respectively, f is the force vector,
and u is the acoustic pressure. The damping matrix C is assumed to be the Rayleigh damp-
ing generated by combining mass and stiffness matrices with appropriate coefficients [16, 27].
Depending on the wavelength or frequency, spatial mesh resolution ∆h and the time integra-
tion step ∆t should be selected carefully (i.e., high-frequency waves having short wavelengths
require small ∆h and ∆t). The system of ordinary differential equations (ODEs) in (7) can
be solved numerically using an appropriate time integration scheme. Explicit time integra-
tion schemes provide the solution of the current time step in terms of the previous time step.
However, these schemes are conditionally stable and result in smaller time step requirements
following the CFL condition for a one-dimensional problem as [11, 19, 26]

c ∆t

∆h
= CCFL ≤ Cmax, (8)

where c is the maximum wave speed in the domain, CCFL is the CFL number, and Cmax is
the maximum allowable value. This condition becomes more restrictive for two-dimensional
and three-dimensional problems. Implicit time integration schemes provide the solution for the
current time step by solving a system of equations involving both the current and previous time
steps. The implicit scheme is computationally more expensive than the explicit method but has
unconditional stability which allows larger time steps and thus reduces total time consumption
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[18, 26]. The Newmark-beta implicit scheme, which has a second-order convergence and an
unconditional stability property, is selected in this study for the time integration [1, 15]. The
acoustic pressure and its higher order time-derivatives (such as velocity v and acceleration a) at
a given time step for this scheme can be written as [15]

un+1 = un +∆tvn +
1

2
(1− 2ζ)∆t2 an + ζ∆t2 an+1, (9)

vn+1 = vn + (1− γ)∆t an + γ∆t an+1, (10)

where γ = 1/2 and ζ = 1/4 are constants. Consequently, the time-discretized ODEs (7) lead
to the following linear systems:

K̃un+1 = f̃n+1, (11)

where K̃ is called the transient operator or dynamic stiffness matrix expressed as [11]

K̃ = M
1

ζ∆t2
+C

γ

ζ∆t
+K (12)

with the forcing f̃n+1 computed as

f̃n+1 = fn+1 + fm + fc, (13)

where
fm = Mũm, fc = Cũc, (14)

and

ũm =
un +∆tvn

ζ∆t2
+

(1− 2ζ) an

2ζ
, ũc = γ∆t ũm − vn − (1− γ)∆t an. (15)

Note that the equation (11) at each time step involves the solution of only a static system
with varying forcing terms. The transient stiffness operator in (12) does not depend on time
and can be pre-assembled and reused reducing computational time and storage requirements.
The coefficient matrix in (11) is symmetric and positive-definite which can be solved using a
conjugate-gradient-based iterative solver with a non-overlapping DD-based preconditioner as
described in the next section.

3. Deterministic two-level Neumann-Neumann preconditioner

Domain decomposition methods rely on the idea of dividing the original domain into overlap-
ping or non-overlapping subdomains with smaller sub-problems which can be solved in parallel
using high-performance computing systems. All the neighbouring subdomains share a common
boundary with a set of nodes called interface nodes, as shown in Fig. 1. The interface nodes
can also be decomposed into corner and remaining nodes as shown which will be used for con-
structing the coarse grid as explained later. The remaining nodes are interior to each subdomain
and are called interior nodes.

Eliminating the interior unknowns from each of these subdomains generates a dense linear
system generally referred to as the interface Schur complement system [2, 22, 33]. The Schur
complement system has a better condition number than that of the original system and thus
takes less computational cost to solve [2, 32]. The direct solution to the Schur complement
system and back substitution to find the interior unknowns is generally known as the direct
substructuring method [2]. For large Schur complement systems, an iterative solver with an
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Fig. 1. A unit square domain with four subdomains showing interior (blue), interface (red + green),
corner (green) and remaining (red) nodes

efficient preconditioner is used. Several variants of non-overlapping DD-based preconditioners
are developed which scale with respect to mesh size and number of subdomains. This article
utilizes a two-level Neumann-Neumann preconditioner which is analogous to the balancing
domain decomposition by constraints (BDDC) method [3, 21].

At each time step, a linear system as in (11) is solved using the DD-based preconditioner as

K̃u = f̃ . (16)

The nodes inside each subdomain are decomposed as interior us
I and interface us

Γ nodes as [32]

us =

{
us
I

us
Γ

}
, (17)

where the subscripts I and Γ denote the interior and the interface, respectively. A restriction
operator Rs, consisting of zeros and ones mapping the global interface nodes to the subdomain
interface nodes, is constructed as [32]

us
Γ = RsuΓ . (18)

The equilibrium equations for each of the subdomains can be written in terms of interior and
interface nodes as [32] [

K̃s
II K̃s

IΓ

K̃s
ΓI K̃s

ΓΓ

]{
us
I

us
Γ

}
=

{
f̃ sI

f̃ sΓ

}
, (19)

where f̃ sI and f̃ sΓ correspond to the interior and interface forces, respectively, which contain
contributions from mass and damping terms of the previous time step, as shown in (14). The
decomposed force vector with these contributions is written as{

f̃ smI

f̃ smΓ

}
=

[
Ms

II Ms
IΓ

Ms
ΓI Ms

ΓΓ

]{
ũs
mI

ũs
mΓ

}
(20)
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and {
f̃ scI

f̃ scΓ

}
=

[
Cs

II Cs
IΓ

Cs
ΓI Cs

ΓΓ

]{
ũs
cI

ũs
cΓ

}
, (21)

where ũs
mI , ũs

mΓ , ũs
cI and ũs

cΓ for corresponding interior and interface nodes can be calculated
as in (15). The global system combining all subdomains is written as

K̃1
II · · · 0 K̃1

IΓR1

... . . . ...
...

0 · · · K̃ns
II K̃ns

IΓRns

RT
1 K̃

1
ΓI · · · RT

ns
K̃ns

ΓI

ns∑
s=1

RT
s K̃

s
ΓΓRs





u1
I

...

uns
I

uΓ


=



f̃1I
...

f̃ns
I

ns∑
s=1

RT
s f̃

s
Γ


. (22)

After applying Gaussian block elimination, the above equation can be recast as [29]

K̃1
II · · · 0 K̃1

IΓR1

... . . . ...
...

0 · · · K̃ns
II K̃ns

IΓRns

0 · · · 0
ns∑
s=1

RT
s SsRs





u1
I

...

uns
I

uΓ


=



f̃1I
...

f̃ns
I

ns∑
s=1

RT
s g

s
Γ


, (23)

where Ss and gs
Γ are the subdomain level Schur complement and corresponding force vector

defined as
Ss = K̃s

ΓΓ − K̃s
ΓI [K̃

s
II ]

−1K̃s
IΓ , gs

Γ = f̃ sΓ − K̃s
ΓI [K̃

s
II ]

−1f̃ sI . (24)

It is possible to combine the subdomain level interface problems into a global system of
equations as [32]

SuΓ = gΓ , (25)

where

S =
ns∑
s=1

RT
s SsRs, gΓ =

ns∑
s=1

RT
s g

s
Γ . (26)

Note that by eliminating the interior unknowns from the global system of equations, a smaller
dense interface problem is generated (to be solved before interior unknowns can be computed).
A two-level Neumann-Neumann preconditioner can be constructed for the interface problem by
decomposing the interface into corner and remaining nodes as [32]{

us
r

us
c

}
=

{
Rr

s

Rc
s

}
us
Γ , (27)

where us
c are the corner nodes (also known as cross points shown in Fig. 1), and us

r are the
remaining nodes. The corner nodes are identified as the nodes on the interface that are shared
among more than two subdomains and the end nodes of interface edges. The remaining interface
nodes are on the interface shared between only two subdomains. A local Dirichlet problem on
these subdomains can be solved by assuming the values of the interface unknowns. It is thus
possible to calculate the residual force developed on the subdomain boundaries owing to the
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erroneous initial guess of interface values. This can be written in terms of the Schur complement
of each subdomain as [32]

rsΓ = Ssu
s
Γ − gs

Γ . (28)

The contributions from all the subdomains are aggregated to obtain the global residual force
vector from which the incremental solution for the next iteration (j) is computed as [32]

rΓj =
ns∑
s=1

RT
s r

s
Γ . (29)

The residual force vector for each subdomain can then be computed as [32]

rsΓ = DsRsrΓj , (30)

where the partition of the unity matrix Ds is computed to distribute the subdomain contributions
without redundancy as [22]

ns∑
s=1

RT
s Ds Rs = I. (31)

The increment in solution at the boundary due to the residual vector can be computed from
the subdomain Schur complement problem as defined earlier. Generally, it is not necessary to
assemble the subdomain level Schur complement explicitly and compute its inverse. Only an
effect of this matrix is calculated by solving a Neumann problem as [32]K̃

s
ii K̃s

ir K̃s
ic

K̃s
ri K̃s

rr K̃s
rc

K̃s
ci K̃s

cr K̃s
cc



xs
i

us
r

us
c

 =


0

f̃ sr

f̃ sc

 , (32)

where {
f̃ sr

f̃ sc

}
=

{
Rr

s

Rc
s

}
rsΓ . (33)

Eliminating the variable xs
i by solving a Dirichlet problem, one obtains [32] Ss
rr Ss

rcB
s
c

ns∑
s=1

BsT
c Ss

cr

ns∑
s=1

BsT
c Ss

ccB
sT
c

{us
r

us
c

}
=


f̃ sr

ns∑
s=1

BsT
c f̃ sc

 , (34)

where each Schur complement matrix can be defined for the corresponding corner and remain-
ing nodes as

Ss
αβ = As

αβ −As
αi[A

s
ii]

−1As
iβ , (35)

where α and β are dummy variables with values representing r and c, respectively, and Bs
c is

the Boolean restriction operator mapping global corner nodes to local corner nodes as [32]

us
c = Bs

cuc. (36)

Elimination of the remaining nodes from (34) leads to the coarse problem of our preconditioner
as [32]

Fccuc = dc, (37)
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where the operator Fcc and the corresponding force vector dc for corner nodes are defined as

Fcc =
ns∑
s=1

Bs
c
T
(
Ss
cc − Ss

cr[S
s
rr]

−1Ss
rc

)
Bs

c , (38)

dc =
ns∑
s=1

Bs
c
T
(
f̃ sc − Ss

cr[S
s
rr]

−1f̃ sr

)
. (39)

The remaining interface unknown us
r can be computed in parallel as follows:

Ss
rru

s
r = f̃ sr − Ss

rcB
s
cuc . (40)

Further, the global interface solution can be computed as

uΓ =
ns∑
s=1

RT
s Ds

(
Rr

s
Tus

r +Rc
s
Tus

c

)
. (41)

Finally, the two-level Neumann-Neumann preconditioner can be expressed as [32]

M−1
NNC =

ns∑
s=1

RT
s Ds

(
Rr

s
T [Ss

rr]
−1Rr

s

)
DsRs +RT

0 [Fcc]
−1R0 , (42)

where R0 is defined as

R0 =
ns∑
s=1

Bs
c
T
(
Rc

s − Ss
cr[S

s
rr]

−1Rr
s

)
DsRs . (43)

A conjugate gradient iterative solver equipped with the above two-level Neumann-Neumann
preconditioner is used to solve the system (11). A pseudo-code for acoustic wave propagation
using a two-level Neumann-Neumann preconditioner is outlined in Algorithm 1 in the following
section. More details on the implementation and algorithms for the preconditioned conjugate
gradient iterative solver with the above preconditioner can be found in [7, 8, 32].

4. Acoustic wave propagation in a random medium

The speed of propagation of acoustic waves through a medium is dependent on the specific
characteristics of the medium such as pressure, temperature, density, etc., which can vary sig-
nificantly. Thus, considering the wave speed as a constant parameter, as described in previous
sections, is not appropriate for highly consequential applications such as medical science, mili-
tary, aerospace, etc., where quantified variability in predictions is important. In this section, the
uncertain nature of wave speed is considered as a random field. The stochastic PDE for acoustic
waves considering the wave speed as a random field can be written as [24]

∂2u(x, t, θ)

∂t2
+ η

∂u(x, t, θ)

∂t
−∇·(cs(x, θ)∇u(x, t, θ)) = f(x, t) in D × (0, T )× Ω, (44)

u(x, t, θ) = Φ(x, t, θ) on ΓD × (0, T )× Ω, (45)

∇u(x, t, θ)·n̂ = Ψ(x, t, θ) on ΓN × (0, T )× Ω, (46)

u(x, t, θ) = u0(x, θ) in D × Ω, (47)

∂u(x, t, θ)

∂t
= v0(x, θ) in D × Ω, (48)
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Algorithm 1. Pseudo code for acoustic wave propagation in a deterministic medium

1: Initial condition: n = 0, u0, v0, a0
2: for each process, s = 0, 1, 2, · · · , ns do
3: Assemble Ks, stiffness matrix
4: Assemble M s, mass matrix
5: Assemble Cs, damping matrix
6: Assemble f s, force vector
7: Decompose u0, v0, a0 as us

Γ ,0, v
s
Γ ,0, a

s
Γ ,0, u

s
I,0, vsI,0, asI,0

8: Compute transient stiffness matrix: K̃s = M s 1
ζ∆t2

+ Cs γ
ζ∆t

+Ks, see (12)
9: end for

10: while n < TN do
11: t = (n+ 1)∆t
12: for s = 1 : ns do
13: Compute mass component of force: f s

mI,n, f s
mΓ ,n, see (20)

14: Compute damping component of force: f s
cI,n, f s

cΓ ,n, see (21)
15: f̃ s

Γ ,n+1 = f s
Γ ,n+1 + f s

mΓ ,n + f s
cΓ ,n

16: f̃ s
I,n+1 = f s

I,n+1 + f s
mI,n + f s

cI,n

17: gΓ = gΓ +RT
s

(
f̃ s
Γ − K̃s

ΓI

[
K̃s

II

]−1

f̃ s
I

)
Rs

18: end for
19: Apply conjugate gradient iterative solver with two-level Neumann-Neumann precondi-

tioner: K̃un+1 = F̃n+1, see (42)
20: Compute uΓ ,n+1, us

I,n+1

21: Update initial solution with new solution as us
Γ ,0 = RsuΓ ,n+1, us

I,0 = us
I,n+1

22: n = n+ 1
23: end while
24: Output: U(ndof, ndof, TN)

where u is the random acoustic pressure field and c(x, θ) is the square of the wave speed rep-
resented as a log-normal random field. Ω represents the set of all possible outcomes associ-
ated with the probability space (Ω, σ, P ) and θ is the random aspect of the problem [14, 24].
Φ(x, t, θ), Ψ(x, t, θ) are the random Dirichlet and Neumann boundary conditions and u0(x, θ)
and v0(x, θ) are the random initial pressure and velocity of the particle. ΓD∪ΓN is the complete
boundary formed by the union of Dirichlet and Neumann parts and n̂ represents the outward
unit normal to the boundary at x. For the current model, initial and boundary conditions are
considered deterministic (same as in Section 2) even though they can also be considered ran-
dom.

Spatial discretization of the weak form leads to a system of stochastic ODEs as

M(θ) ü(θ) +C(θ)u̇(θ) +K(θ)u(θ) ≈ f , (49)

where M, C, K are the random mass, damping and stiffness matrices (although in this special
case, M is considered deterministic). The square of wave speed, cs in the above problem, is
expanded as a log-normal random field (enforcing positivity) computed as the exponential of
a Gaussian field with a known covariance function. The Karhunen-Loève expansion (KLE)
provides a means to expand any input random process having a known covariance function
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in terms of uncorrelated orthogonal random variables. An exponential covariance kernel is
assumed for the spectral expansion of the underlying Gaussian process in two dimensions as
[13]

H(x1, x2; y1, y2) = σ2 exp

[
−
(
|x1 − x2|

bx
+

|y1 − y2|
by

)]
, (50)

where σ2 is the variance of the process, and bx and by are the correlation lengths in the x-
and y-directions. The decomposition of this covariance kernel in terms of eigenvalues and
eigenfunctions can be written as [13]

g(x, θ) ≈ g0(x) +
L∑

n=1

ξn(θ)
√

λn ϕn(x), (51)

where g0(x) is the mean field, λn and ϕn are the eigenvalues and eigenfunctions of the co-
variance kernel, and ξ1, ξ2, . . . , ξL are the uncorrelated Gaussian random variables having zero
mean and unit variance. The log-normal field for the square of wave speed cs(x, θ) is computed
by taking the exponential of the expansion in (51) and then approximated using PCE as [12]

cs(x, θ) ≈
M∑
i=0

ci(x)
⟨Ψi(η)⟩
⟨Ψ2

i (η)⟩
Ψi(ξ), (52)

where

c0(x) ≈ exp

[
g0(x) +

1

2

L∑
i=1

g2i (x)

]
(53)

is the mean of the log-normal expansion and each ⟨Ψi(η)⟩ is the expectation of functionals
centered around gi(x), see [7, 17, 32]. Each ⟨Ψi(ξ)⟩ is the orthogonal polynomial chaos basis
satisfying [13]

⟨Ψi(ξ),Ψj(ξ)⟩ = ⟨Ψ2
i(ξ)⟩ δij . (54)

The random field for the acoustic pressure u(x, t, θ) can also be expanded in terms of PCE as

u(x, t, θ) ≈
N∑
j=0

uj(x, t)Ψj(ξ), (55)

where uj are the deterministic polynomial chaos coefficients to be computed using the stochastic
Galerkin method. Applying the PCE for input and output terms in (49) provides

L∑
l=0

MlΨl(ξ)
N∑
j=0

üjΨj(ξ)+

Q∑
q=0

CqΨq(ξ)
N∑
j=0

u̇jΨj(ξ)+
M∑
i=0

KiΨi(ξ)
N∑
j=0

ujΨj(ξ) ≈ f , (56)

where Mi,Ci,Ki are the deterministic coefficient matrices. The Galerkin projection of the
above stochastic system of equations onto a PCE basis leads to

N∑
j=0

L∑
l=0

⟨ΨlΨjΨk⟩Mlüj +
N∑
j=0

Q∑
q=0

⟨ΨqΨjΨk⟩Cqu̇j +
N∑
j=0

M∑
i=0

⟨ΨiΨjΨk⟩Kiuj = ⟨fΨk⟩, (57)

k = 0, 1, 2, . . . , N . It results in a large deterministic system of ODEs as

MÜ + CU̇ +KU = F , (58)
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where M, C and K are the block matrices with each block defined as

[M]jk =
L∑
l=0

Gljk Ml, [C]jk =
Q∑

q=0

Gqjk Cq, [K]jk =
M∑
i=0

Gijk Ki, (59)

where
Gijk = ⟨ΨiΨjΨk⟩ (60)

and
[F ]k = ⟨fΨk⟩. (61)

The solution vector and its higher order derivatives are represented as U = [u0, u1, u2, . . . , uN ].
Note that each uj contains the solution for all degrees of freedom in the grid corresponding
to the PCE coefficient. For the current model, a deterministic mass matrix is used which then
reduces (59)1 to a block diagonal matrix as

[M]jk = ⟨ΨjΨk⟩ δjk M, (62)

where δjk is the Kronecker delta function. The damping matrix coefficients for Rayleigh damp-
ing using the mean mass and random stiffness matrix can be computed as (see [16, 27] for
details)

Ci = α0M+ α1Ki, (63)

where α0 and α1 are the coefficients computed as in [16,27]. Time discretization of this system
can be carried out using the Newmark-beta scheme. From the subdomain level mass, damping
and stiffness matrices, we can build the transient stiffness matrix as

K̃ = M 1

ζ∆t2
+ C γ

ζ∆t
+K. (64)

Now, the DD-based assembly of these stochastic matrices and the construction of a two-level
Neumann-Neumann preconditioner is presented.

5. Probabilistic two-level Neumann-Neumann preconditioner

The formulation of the probabilistic two-level Neumann-Neumann solver is explained in this
section corresponding to the acoustic wave propagation in random media explained in Section 4.
The spatial discretization of the stochastic problem (44) can be assembled into random mass,
damping and stiffness matrices as

M(θ) ü(θ) +C(θ)u̇(θ) +K(θ)u(θ) ≈ f , (65)

where each of these random matrices admits a PCE in the form

K(θ) =
M∑
i=0

KiΨi(ξ). (66)

The spatial domain of the problem can be decomposed into several non-overlapping domains
with interior and interface nodes, as shown in Fig. 1. This decomposition allows the stiffness
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matrix to be assembled1 at the subdomain level as

Ki =



K1
II,i · · · 0 K1

IΓ ,iR1

... . . . ...
...

0 · · · Kns
II,i Kns

IΓ ,iRns

RT
1 K

1
ΓI ,i · · · RT

ns
Kns

ΓI ,i

ns∑
s=1

RT
s K

s
ΓΓ ,iRs


. (67)

After the Galerkin projection of the system (57), each of the stochastic subdomain level matrices
can be assembled from (67) as

[Kαβ]
s
jk =

M∑
i=0

GijkK
s
αβ,i, (68)

where α and β correspond to the interior and interface nodes, respectively, and s represent the
subdomain. Thus, the transient stiffness matrix can be assembled using stochastic subdomain
blocks of mass, damping and stiffness as

[K̃αβ]
s = [Mαβ]

s 1

ζ∆t2
+ [Cαβ]

s γ

ζ∆t
+ [Kαβ]

s. (69)

Notice the difference between the construction of stochastic matrices in (68) and (59)3, as well
as the difference between (69) and (64).

Performing global assembly of these subdomain level transient stiffness matrices, one ob-
tains 

K̃1

II · · · 0 K̃1

IΓR1

... . . . ...
...

0 · · · K̃ns

II K̃ns

IΓRns

RT
1 K̃

1

ΓI · · · RT
ns
K̃ns

ΓI

ns∑
s=1

RT
s K̃

s

ΓΓRs





U1
I

...

Uns
I

UΓ


=



F̃1
I

...

F̃ns
I

ns∑
s=1

RT
s F̃ s

Γ


, (70)

where

U s
I = [us

I,0, . . . ,u
s
I,j]

T , UΓ = [uΓ ,0, . . . ,uΓ ,j]
T , (71)

Rs = blockdiag (Rs,0, . . . ,Rs,j) . (72)

Similar to the deterministic case, applying a Gaussian block elimination allows the construction
of the Schur complement as

S UΓ = GΓ , (73)

where

S =
ns∑
s=1

RT
s

(
K̃s

ΓΓ − K̃s

ΓI [K̃
s

II ]
−1K̃s

IΓ

)
Rs =

ns∑
s=1

RT
s SsRs, (74)

GΓ =
ns∑
s=1

RT
s

(
F̃ s

Γ − K̃s

ΓI [K̃
s

II ]
−1F̃ s

I

)
=

ns∑
s=1

RT
s GΓ s. (75)

1Note that this decomposition is applied to mass and damping matrices as well but not shown explicitly for
brevity.
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To construct the coarse grid, the solution vector is decomposed again to create the global coarse
problem on corner nodes as (similar to the deterministic setting in (27)){

U s
r

U s
c

}
=

{
Rr

s

Rc
s

}
U s
Γ , (76)

F cc Uc = Qc, (77)

where the operator F cc and the corresponding force vector Qc for corner nodes is defined as

F cc =
ns∑
s=1

Bs
c
T
(
Ss

cc − Ss
cr[Ss

rr]
−1Ss

rc

)
Bs

c, (78)

Qc =
ns∑
s=1

Bs
c
T
(
F s

c − Ss
cr[Ss

rr]
−1F s

r

)
, (79)

where
Bs

c = blockdiag(Bs
c,0, . . . ,B

s
c,j) (80)

and Ss
αβ = K̃s

αβ − K̃s

αI [K̃
s

II ]
−1K̃s

Iβ is the Schur complement for corner and remaining nodes.
Finally, the stochastic two-level Neumann-Neumann preconditioner can be written as

M−1
NNC =

ns∑
s=1

RT
s Ds

(
Rr

s
T [Ss

rr]
−1Rr

s

)
DsRs +RT

0 [F cc]
−1R0, (81)

where R0 is defined as

R0 =
ns∑
s=1

Bs
c
T
(
Rc

s − Ss
cr[Ss

rr]
−1Rr

s

)
DsRs. (82)

Note that Ds is the subdomain level stochastic counterpart of the scaling matrix which can
be computed using the stochastic restriction matrix in (72) similar to the deterministic case
in (31). Even though the construction of the two-level Neumann-Neumann preconditioner in
the stochastic setting is similar to the deterministic setting, each component of the stochastic
preconditioner now encompasses the information pertaining to all PCE coefficients in them.
More details on the implementations and algorithms for the probabilistic two-level Neumann-
Neumann preconditioner can be found in [7, 8, 32].

6. Numerical results

This section discusses the numerical experiments conducted for acoustic wave propagation on
a two-dimensional random medium. The spatial domain is a unit square with Dirichlet bound-
ary conditions on all four sides (fixed, u = 0). The CFL number for all experiments uses
a value of 0.65 according to (8). All the scalability studies are conducted for a duration of
0.5 s and the time step size is adjusted accordingly with changing mesh sizes. The number of
iterations for all experiments reported is the average number of iterations over all time steps
and the computational time reported is the complete duration of the simulation. Note that the
acoustic pressure has units of Pa (N/m2 or dB), but it is not explicitly mentioned in numerical
results for simplicity. The verification of the stochastic Galerkin method is illustrated by com-
paring the results to MCS. Further, the numerical and parallel scalability of the probabilistic
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two-level Neumann-Neumann DD-based solver are presented. The scalability with respect to
the stochastic parameters (increasing number of random variables and order of expansion) are
also illustrated. For all numerical experiments concerning the stochastic case in this section,
an exponential covariance kernel as in (50) is used for representing the underlying Gaussian
process with zero mean and standard deviation of 0.1. The PCE for the input has three random
variables with second order while the output PCE uses third order unless explicitly specified.
The PCE basis functions are normalized with respect to their standard deviation in all numerical
experiments.

6.1. Comparison with one-level preconditioners

This section compares the performance of different preconditioners (both one-level and two-
level) to illustrate the need for a two-level method for acoustic wave propagation problems in
the deterministic medium. Two one-level preconditioners, the lumped preconditioner and the
Neumann-Neumann preconditioner (see [32] for details on these preconditioners), are chosen
to test against the performance of the two-level Neumann-Neumann preconditioner. One-level
preconditioners are shown to lose scalability with an increasing number of subdomains because
of the lack of information exchange across several subdomains [22, 30, 33]. This is rectified
in two-level methods (such as the two-level Neumann-Neumann) by using a coarse grid which
couples all the subdomains. A square domain with 1 563 vertices and a time step of 0.01 is
chosen for the study.

Fig. 2 reports the average iteration count over all the time steps for the different precon-
ditioners with an increasing number of subdomains. As the number of subdomains increases,
the iteration counts of the lumped preconditioner increase rapidly. Even though the one-level
Neumann-Neumann preconditioner has lower iteration counts than the lumped one, it also
shows an increase in the number of iterations. The two-level Neumann-Neumann precondi-
tioner in contrast has the lowest iteration counts with a modest increase for an increasing number

Fig. 2. Comparison of DD-based preconditioners applied to a deterministic acoustic wave propagation
problem on a square domain featuring 1 563 vertices with a time step of ∆t = 0.01
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of subdomains. An interesting feature of the current transient formulation is that the addition
of mass and damping terms to the stiffness operator removes the singularity issues associated
with floating subdomains, i.e., subdomains whose local stiffness matrices are singular due to
insufficient Dirichlet constraints [32].

6.2. Verification for acoustic wave in a stochastic medium

The stochastic Galerkin method is compared against MCS for acoustic wave propagation with a
random wave speed in a two-dimensional domain, as represented by (44). The initial condition
is a Gaussian pulse at x0 = 0.7, y0 = 0.7 in the following form:

u0(x0 = 0.7, y0 = 0.7) = β exp

[
−(x− x0)

2 + (y − y0)
2

α

]
, (83)

where β = 1 and α = 0.01. A time step size of 6.5 × 10−3 is used with a finite element
mesh of 13 472 vertices. The Rayleigh damping coefficients are computed as α0 = 0.5445
and α1 = 0.0174. The mean and standard deviation of the pressure for the stochastic Galerkin
method and MCS at three different points in the domain are shown in Fig. 3. The results show
good agreement between both approaches for all three points, verifying the stochastic Galerkin
method. The standard deviation of the pressure in time shows large variations in contrast to the
mean pressure which is captured well by the stochastic Galerkin method. The contour plots of
the pressure field at four different time steps are shown in Fig. 4. The complex spatial features
in standard deviation with the reflection of waves from boundaries can be observed in the right
column. This underlines the complexity and importance of uncertainty quantification for wave
propagation problems.

6.3. Scalability with mesh size

The strong and weak scalability of the two-level Neumann-Neumann solver for wave propa-
gation on a random medium are discussed in this section. The strong numerical and parallel
scalability of the solver for a 7-random-variable case (120 PCE terms) with a fixed mesh size of
13 472 vertices (leading to a total problem size of 1.6 million) is shown in Fig. 5. The average
number of iterations is constant with an increasing number of subdomains (Fig. 5a), by con-
trast, the time to solution decreases (Fig. 5b). A significant reduction in memory consumption
per core with an increasing number of subdomains for a 7-random-variable PCE is shown in
Fig. 5c. The memory requirement per core reaches 15 GB for the 32-core configuration. The
need for using DD-based solvers for stochastic problems is evident.

The weak numerical and parallel scalability of the solver is illustrated in Fig. 6. The global
problem size and the number of subdomains are increased simultaneously with the problem
size per core fixed (≈ 3 400 degrees of freedom). A 3-random-variable case is used here with
a number of processes increasing from 80 to 720 (leading to a maximum problem size of 2.4
million). The average iteration counts remain constant with an increasing number of processes
showing excellent weak scaling. However, the computational time increases significantly de-
spite the nearly constant iteration counts. This is likely due to the combined parallel overhead
for all the time steps.

6.4. Scalability with stochastic parameters

This section discusses the scalability of the probabilistic two-level Neumann-Neumann solver
with an increasing number of random variables and order of expansions. In this case, the mesh
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(a) x = 0.5, y = 0.5

(b) x = 0.7, y = 0.7

(c) x = 0.2, y = 0.7

Fig. 3. Verification of the stochastic Galerkin method against Monte Carlo simulations (MCS) for acous-
tic wave propagation. The left and right columns denote the mean acoustic pressure field and the standard
deviation of the pressure field, respectively. The responses are evaluated over time (t in seconds) at three
pre-specified spatial locations (a)–(c) with given coordinates
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(a) t = 0.0065 s

(b) t = 0.25 s

(c) t = 0.5 s

(d) t = 0.8 s

Fig. 4. Spatio-temporal evolution snapshots of the acoustic pressure field computed using the stochastic
Galerkin method. The left column denotes the mean acoustic pressure field distribution, denoted as u,
and the right column denotes the standard deviation field distribution, denoted as sd. Contours map the
spatial variations in pressure magnitude across the two-dimensional domain at four sequential time steps
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(a)) strong numerical scalability (b) strong parallel scalability

(c) memory/core with an increasing number of subdomains

Fig. 5. Strong scalability and memory consumption for a 7-random-variable case (120 PC terms) on a
fixed mesh of 13 472 vertices (1.61 million total degrees of freedom) plotted against the number of sub-
domains (nS): (a) average conjugate gradient iterations over all time steps, (b) total simulation runtime
in seconds, and (c) memory consumption per core in gigabytes. Note that graph in (c) also shows the
number of spatial vertices corresponding to each subdomain size

size of 37 267 vertices and the time step of 3.9× 10−3 are used. The time to solution is reported
for a total of 128 time steps. The number of PCE terms is increased from 20 (3 random vari-
ables) to 220 (9 random variables) case with a fixed number of subdomains equal to 720. The
total problem size in this case is 8.19 million. The average iteration over all time steps for the
solver are reported in Fig. 7, which shows a constant value of four iterations.

The scalability with increasing order of expansions is shown in Fig. 8. For a fixed number
of random variables equal to 3, the order of output PCE is increased from 2 to 9 leading to 220
terms and a total problem size of 8.19 million. The number of processes is increased to keep the
problem size per core fixed at 6 200 degrees of freedom. Fig. 8 shows excellent weak numerical
scalability with an increasing order of expansion. However, the time to solution increases even
with a fixed problem size per core which is due to the strong stochastic coupling introduced
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(a) average number of conjugate gradient iterations
over all time steps

(b) total simulation runtime in seconds

Fig. 6. Weak scalability for a 3-random-variable case (20 PCE terms) with a fixed mesh size of approx.
3 400 degrees of freedom per core, scaled from 80 to 720 processes (up to 2.4 million global degrees of
freedom)

Fig. 7. Numerical scalability of the probabilistic two-level Neumann-Neumann solver evaluated against
an increasing number of output PCE terms (from 20 terms up to 220 terms) for a fixed number of 720
subdomains

by higher-order PCE. Moreover, the use of collective communication operations in parallel
algorithms contributes significantly to the increase in time. This can be improved by point-
to-point communications which only transfer data between individual processes as necessary.
Even with an increase in the time to solution, the application of DD-based solvers remains
necessary for solving memory-intensive stochastic problems.

7. Conclusion

This article covered the uncertainty quantification for acoustic wave propagation on a two-
dimensional random medium using the stochastic Galerkin method. The fine temporal, spatial
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(a) average iterations per time step over all time
steps

(b) total simulation runtime in seconds

Fig. 8. Numerical and parallel scalability evaluated against an increasing order of expansion (from 2nd

order up to 9th order PCE, yielding 10 to 220 terms) for a fixed 3-random-variable input case. The prob-
lem size per computational core is kept fixed at 6 200 degrees of freedom as the number of subdomains
scales from 60 to 1 320

or stochastic resolutions required to capture high frequency oscillations increase the computa-
tional cost and memory requirements for these systems. Non-overlapping domain decomposi-
tion-based methods are utilised which offer a way to decompose the spatial domain and dis-
tribute the memory and computations to several cores/processes. A conjugate gradient itera-
tive solver is used for the coupled system of equations involving a symmetric positive definite
stochastic coefficient matrix. To expedite the convergence of the solver, a probabilistic ver-
sion of the two-level Neumann-Neumann preconditioner is developed. The solver has excellent
numerical scalability with respect to mesh size and stochastic parameters. However, improve-
ments to parallel scalability need further investigations into the architecture of the solver to
tackle strong stochastic coupling. The combination of the stochastic Galerkin method and the
domain decomposition-based solvers is effective in solving uncertainty quantification problems
for high-resolution time-dependent systems.
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