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Abstract

A new analytical solution is presented for functionally graded (FG) beams to investigate the bending behaviour under
the hygro-thermo-mechanical loading using a new fifth order shear and normal deformation theory (FOSNDT).
The material properties of the FG beam are varied along the thickness direction according to the power law index.
In the present theory, a polynomial shape function is expanded up to fifth-order in terms of thickness coordinate
to consider the effects of transverse shear and normal deformations. The present theory is free from the shear
correction factor. Using the Navier’s solution technique the closed-form solution is obtained for simply supported
FG beams. All the results are presented in non-dimensional form and validated it by developing the classical
beam theory (CBT), first order shear deformation theory (FSDT by Mindlin) and third order shear deformation
theory (TSDT by Reddy) considering the hygro-thermo-mechanical loading effects which is mostly missing in the
literature. It is noticed that the presented FOSNDT is very simple and accurate to predict the bending behaviour of
FG beams under linear and non-linear hygro-thermo-mechanical loadings.
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1. Introduction

The composites are usually a mixture of two or more than two materials in combination. The
materials having the proper and significant chemical properties are normally chosen to get the
typical mixture and required strength. Functionally graded materials (FGMs) are similar kinds
of composite material having unique characteristics. Nowadays, FG materials are used in many
engineering and structural applications because of its novel properties. The greatest advantage
of FG material is flexibility in design, which makes it more suitable to grade the material
properties in any specific direction as per requirement. Currently, the main focus of scientists and
researchers is to suggest and introduce a new type of material which is light in weight, suits for
any environmental conditions, should be reliable in service performance and able to minimize the
size of structural elements. The available materials are not much suitable for all the engineering
applications, hence the FG beams are used in main structural components of aerospace vehicles,
defense sector units, shipbuilding industries, seashore structures, many automobile and chemical
industries. In fact, the beams made from FG materials are very strong to resist the thermal stresses
produced in spacecrafts and aircrafts operations. FG beams are even most suitable to resist hygro
stresses generally developed in seashore and marine structures located in humid environment.
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Hence, before using FG beam for important engineering applications, it is absolutely necessary
to study the bending behaviour of FG beam under hygro-thermo-mechanical loading. Laminated
composites may fail due to delamination failure or stress concentration at the layer interfaces
during the life span. To overcome the delamination failure one can use FG material which
is free from layers and the properties of such a material can be tailored in specific direction
using a power law index. The ceramic and metal are the two major constituents used to form
the FG materials. The ceramic constituents are having low thermal conductivity and good for
wearing resistance, whereas the metals having good ductile performance, which sustains the
deformations and can prevent the fractures caused due to stress. Looking into current scenario,
the present research is an attempt towards fulfillment of the industry demands by developing
the new solution technique to analyze important weight sensitive structures where safety and
accuracy is on top propriety.

The several analytical techniques, numerical methods and few elasticity solutions are avai-
lable in the literature which is addressed by various researchers across the globe, to study the
static and dynamic response of the FG beams under mechanical and thermo-mechanical loading.
But there is acute shortage of literature on the FG beams subjected to hygro-thermo-mechanical
loadings. Hence, the main aim of this study is to present the bending analysis of FG beams
considering the linear and non-linear variations of hygro-thermo-mechanical loadings. In this
study, non-linearity is related to loadings and not a geometric.

The CBT (classical beam theory) which is developed by Euler-Bernoulli ignores the effect of
shear deformation. The CBT is a simple beam theory used for the analysis of thin beams hence it
not recommended for the analysis of thick beams due to neglect of the shear deformation effect. In
the thick beam analysis, CBT underestimates the stresses and deformations. In 1921, Timoshenko
developed the FSDT which assumes the first order variation in the axial displacement. But this
theory needs the problem dependent shear correction factor to address the correct behaviour
shear deformation. FSDT also fails to satisfy the zero transverse shear stress conditions at the
top and bottom surfaces of the beam. To address the deficiencies of CBT and FDST, many
researchers are trying to develop the new kinds of higher order theories.

During the space plane project in 1984, Japanese scientists introduced the FG materials
to resist the ultra-high temperature. The FG sheets tested under high temperature fluctuations
across the thin cross-sectional thickness. The use and applications of the FG materials can be
found in the literature by Koizumi [59, 60], Muller et al. [69], Birman and Byrd [25], etc. The
detailed information on the FG beams and plates is available in the review articles published
by Jha et al. [53], Swaminathan et al. [90], Swaminathan and Sangeeta [91], Sayyad and
Ghugal [85, 87, 88]. This reviews given the good insights over the available literature which
influences the many researchers to extend their efforts to analyze the FG beams under linear and
non-linear hygro-thermo-mechanical loading which is very rarely addressed in the literature.
Sankar [80], Ding et al. [38], Zhong and Yu [99], Daouadji et al. [36], Chu et al. [31], Ying et
al. [95] and Xu et al. [94] presented an elasticity solution for the FG beams. The 3-D elasticity
solutions are analytically very complicated, cumbersome and difficult to solve. Therefore,
researchers are taking interest to propose a new analytical techniques and numerical methods
for the FG beams in which the numerical results are closer to the exact solutions obtained by
elasticity solutions.

Kadoli et al. [54], Sayyad and Ghugal [83], Reddy [79], Benatta [10], Li et al [62], Pendhari
et al. [77], Giunta et al. [47,49], Thai and Vo [92], Li and Batra [61], Nguyen et al. [74],
Bourada et al. [26], Menna et al. [67], Mohanty [68], Pandey and Parashar [76] and Hadji et
al. [52], Adim et al. [8], Daouadji and Adim [33,34], Daouadji [32], Benferhat et al. [13], Adim
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and Daouadji [4] have addressed the bending response of the FG beam using various kinds
of higher order shear deformation theories (HSDTs). Zenkour [96] studied the behaviour of
laminated and sandwich beam considering the transverse normal effect using HSDT. Sayyad
and Ghugal [84] developed the analytical solutions for the bending of FG beam using different
boundary conditions. Chakraborty et al. [27], Frikha et al. [42], Kahya and Turan [55], Kim and
Paulino [58], Kant and Gupta [56] and Filippi et al. [41] analyzed the FG beams using finite
element approach. Benferhat et al. [11,12, 14, 16, 17], Daouadji et al. [37], Hadji et al. [50]
studied the porosity effect on the bending of FG beams and plates to investigate the normal and
shear interfacial stresses.

Daouadji et al. [35], Chergui et al. [29], Rabahi et al. [78] presented the numerical and
experimental results to study the flexural behaviour of steel and RC beams strengthened by
laminates. Benhenni et al. [18-21], Benferhat [15], Bensattalah et al. [22,23], Hadji et al. [51],
Adim et al. [7] reported the free vibration response for the FG, laminated beams and plates.
Adim et al. [5, 6], Bensattalah et al. [24], Khalifa [57] examined the buckling response of FG
and laminated composite plate using refined HSDTs. Abdelhak et al. [1,2], Chaded et al. [28]
developed an analytical solution for sandwich FG plate composed of FG face sheets and isotropic
homogeneous core.

The beam made from FG materials are most suitable in thermal environments due to low
thermal conductivity of ceramic materials. The response of the FG beam using different models
under thermal and thermo-mechanical load is reported by a few researchers like Aboudi et
al. [3], Chin and Chen [30], Giunta et al. [48], Megharbel [66], Sankar and Tzeng [81], etc. The
effect of non-linear thermo-mechanical loads on bending behaviour of FG beams is reported by
Shen [89], Ma and Lee [63,64], Ma and Wang [65], Esfahani et al. [39], Arbind et al. [9], Nirmala
and Upadhyay [100], etc. Toudehdehghan et al. [82] studied the effect of thermal environment
on FG coated beams using clamped-clamped end condition. Zhau et al. [82] and Sator et al. [75]
used the meshless method to address the thermal effects.

The hygro-thermo-mechanical analysis for the FG plate is studied by Zidi et al. [101],
Zenkour et al. [97], Daouadji et al. [32], Zenkour and Radwan [86] and Sayyad and Ghugal [98]
using different higher order theories and mathematical approaches. But the given literature
is limited to only for FG plates; there is acute shortage of literature on FG beams subjected
to non-linear hygro-thermo-mechanical loads. Recently, a fifth order theory has been used
by Ghumare and Sayyad [43—46] for the analysis of FG beams and plates and also by Naik
and Sayyad [70-73] for the analysis of laminated composite beams and plates subjected to
mechanical and thermo-mechanical loadings.

The main focus of the present study is to investigate the bending behaviour of FG beam using
fifth order shear and normal deformation theory under the non-linear hygro-thermo-mechanical
loadings. In the present theory, a polynomial shape functions are expanded to fifth-order in terms
of the thickness coordinates. This theory includes the effect of thickness stretching. The theory
involves only six independent field variables. This theory does not require shear correction
factor. To obtain the closed-form solution, the Navier’s solution technique is used for simply
supported FG beam. Using power-law the material properties are graded. Using the principle
of virtual work and the fundamental lemma of calculus, the variationally consistent governing
equations and associated boundary conditions are evolved. To validate the present theory authors
have developed CBT, FSDT and TSDT for the non-linear hygro-thermo-mechanical load and
the dimensionless results are compared with these theories. It is found that the present FOSNDT
is very simple and accurate to predict the bending response under the non-linear hygro-thermo-
mechanical loadings.
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2. Development of the present theory
2.1. Geometry of the FG Beam

The dimensions and geometry of the FG beam used for the analytical solution are shown in
Fig. 1. The y-directional width of the FG beam is assumed as unity. The top surface of the FG
beam is made up of metal, whereas the bottom surface is made up of ceramic material.
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Fig. 1. Geometry of the FG beam

2.2. Novelty and purpose of the present theory

Looking at the current scenario, the present research is an attempt towards fulfillment of the
industry demands and development in new solution technique to analyze important weight
sensitive engineering structures.

1. It is observed that the numerous literature is available for mechanical loading [4, 8, 10,
13,26,27,31-34,36,38,41,42,47,49,52,54-56,58,61,62,67,68,74,76,77,79, 80, 83,
84,92,94-96,99] and even for the thermo-mechanical loading [3,9, 30, 39,48, 63-66,75,
81,82,89,93,100] for the FG beams, but there is acute shortage of literature on FG beam
subjected to non-linear hygro-thermo-mechanical loading which is the main focus of the
present study.

2. The present theory falls under polynomial type which is computationally very simpler
than non-polynomial type beam theories which are mathematically complicated, tedious
and more cumbersome.

3. For the accurate structural analysis of composite beams under hygro-thermal loading,
considering the thickness coordinate up to third-order polynomial is not sufficient. There-
fore, in the present theory thickness coordinate is expanded up to fifth-order polynomial
to get the accurate displacements and stresses.

4. Transverse normal stress/strain plays an important role in the modeling of thick beams
which is neglected by many theories available in the literature. The present theory consi-
ders the effects of both transverse shear and normal deformations.

5. The displacement field of the theory enforces the realistic variation of the transverse shear
stresses (parabolic) across the thickness of the FG beam.

6. To grade the material a simple mixture rule, i.e. power-law is used.

3. The development of the present fifth order theory

3.1. The displacement field
The displacement field of the present theory is as follows:

u(r,2) =io(e) — 298 4 Fiu () + Fiia(z),

w(xv Z) = w0<$) + Fllgbz(x) + Fé%@%

oY)
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where, u and w are the axial and transverse displacement of any point on the FG beam. 1 and wy

are the = and z-directional displacements of any point on the neutral surface of the FG beam.

The terms ¢, and 1, are the shear slopes associated with the transverse shear deformation,

whereas ¢, and v, are the shear slopes associated with the transverse normal deformations.
Using the theory of elasticity, the strain components are obtained:

£p = €0+ 2kY + Fiel + Fye?,
€ = Fll/gbz + Fz//wm (2)

where

Pwy 4 _0ds 5 Oy

o

_8u0 b
oz ke = ox?’ gx_&v’ T ox

Ss1 a¢2 So awz

8

Fy = (1-4/32/h%), F,=(1-16/52"/h*), 3)
F| = (1—42*/R%), F,=(1-162"/n"),

82 6423
== B=—0

3.2. The power-law for material gradation

The power law is used to change the volume fraction of the constituent materials continuously
along the thickness direction. The power-law is stated as

E(z)=E, + (E.— E,;)(0.5+ z/h)?, 4)

where E represents the elasticity modulus. Subscripts m and c represent the metal and ceramic
constituent’s, respectively, p represents the power law index. The value of p is equal to zero
represents the fully ceramic phase, whereas p equal to infinity represents a fully metallic phase.
The effect of variation of the Poisson’s ratio v on the bending response of FG beam is very
small, hence the Poisson’s ratio is assumed as constant. The variation of thermal and moisture
loads are also assumed to vary according to power-law index through the thickness of a FG
beam. Fig. 2 shows the variation of volume fractions across the thickness of the FG beam.
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Fig. 2. Variation of elastic modulus across the FG beam
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3.3. The constitutive law for the FG beam

The FG beam follows the linear constitutive relations at a point can be written as follows,

Oy Qll(z) Q13(Z) 0 Ex — axAT - ﬁ:pAC
0, - Ql?)(z) QB?)(Z) 0 €y — azAT - ﬁzAC 5 (5)
Taz O 0 QSE)(Z) Yzz

where

Qll(z) = Q33(Z) = m, Q13(Z) = m, Q55( ) m (6)

o, o, and 3, 3, represent the coefficients of thermal and moisture concentration coefficients,
respectively. The temperature and moisture variation profiles are assumed as follows,

F Fy

AT(z,2) =Ty + =Ty + 2Ty + =215,
h h h 7
z Fl F2 ( )
AC(JI, Z) = C() + ECI + %02 + 703’

where 7| represents constant temperature, 73 represents a linear temperature variation, 7, and
T5 represents non-linear temperature variation (see Fig. 3). The similar meaning and variations
are assumed for moisture concentration terms Cy, C', Cy, Cs.

i W T17C1 T27Cz

Constant Linear Non-Linear

Fig. 3. Temprature variation profile across the thickness of FG beam

3.4. The governing equations

The six variationally consistent governing equations are obtained using the principle of virtual
displacement which equates external and internal work:

h/2 L
/ / (0,06, + 0,06, + Tp07,,) dzdx = / [q(z)dwy] dz. (8)
h/2 0
Substituing strains from (2) and stresses from (5) into the equation (8), one will get
L 65U0 625UJ0 65¢ 65¢
Np—— — M M =2 4 M2 =
/0<8:B 2oz e gy T T
Q160 + Q2200. + Qy.00,+

L
1 D00 L 2 gy, + @ awz) = / [g(@)dwoldz,  (9)
0
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h/2
[N, M°, M35, M52 :/ 0.1, 2, Fy, Fy)dz,
—h/2

h/2
QL. Q%) = / reelFY, FY) dz,
—h)2

h/2
Q%,Q%) = / o [FY, FY]dz,

—h/2

(10)

where NN, is the resultant axial force, My b represents the resultant moment due to bending, M)Sgl,

M52 are the resultant moments due to shear deformation and Q.
resultant shear forces.

xz? CCZ’

Q5', Q5* denote the

The governing equations mentioned in (11)-(16) are obtained by integrating (11) by parts

and setting the coefficients of dug, dwy, 0P, 01, d¢,, 01, and equating it to zero:

O*u Pw PP, Oy 0. o,
Oug: An 81:20 By o7 30 +Cn agbz + Dy 8¢2 + Fi3 agb + His 0¢
6T on on, o1;
oC, oC oC 80
(AT + AT) 6; (Bfi + Bi) 5~ — (CHi+ Chy) = — (D + D) - =
DPug o*w P, P, 0?
Owo : Bii—— 972 — Asn o7 40 + Csni agbg + Dsu ad; + Fai3 af22+
stw - (Bn)w - (B13)W — (Agyy + As13)ﬁ_
O*Ty 0Ty 9*C,
(Con +Cs13) 5 0 2 — (D& + D13) 55 02 — (B + B%)aTQO_

(AS1 + A513)—ax2 — (Con + CSlB)W — (D1 + DSlB)W = —q,

9? ? 0% b, 9%, 0
0y : CH@TU; - CSH@TU‘;O + Cssin 8;; + Cssant 8;@ + FSSIB%"‘
0 do, d,
Hssmﬂ — Fss1550. — Fssiss ba _ Hggsss | ¥ + o) _
ox dx dx
Ty oT; oT:
(Chh + Cl) 5 — (G + Cli) 5~ — (Cosun + Clisnis) 5~
T3 oC, oC
SS211 55213 1 S — (C§)1 + Cp3) — -
(CT - Cs ) o ox (CC * C ) or ox ox
oC oC
(C§s111 + 055113)—2 — (C§son + 055213)—3 =
ox ox
0? 03 0% b, 0%, 0
0ty Dy au; Dgn aU;o + Csson1 aqbz + Dsson 6¢2 +Fsss13%+
0 0. dy,
Hssswﬂ — Hgss550. — Hgsss5 0: _ Fsgoss | 1y + e
ox or dz
T, oT5 o7,
(D& + Dyg)— o7 — (Clgor + Clignrs) = o7 — (DY, + DY) &EO
oT; a0Cy oCy

(D&so11 + Digo13) o o7 — (D§ + Dfy)—— o7 — (D§y, + DSy5) —— oy

11

0,

0,

(11)

(12)
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oC.
c c 2
(Csso11 + CSSQlB)_@x

8211)0 8%
F. — F.
+ 5135 2 81375

(o D¢,

— F. —+
o7 S515575 5 + 1155555

(Fis + Fg5)To — (Féyg + Fgg)Th —

(Fésos + Fagass)Ts — (Fis + Fi3)Co —

(FSs1s + FSs133)Ca —
0,

(Dgsm
_ Fl?,% a¢m

0, : Ee

o,
ox

Fsss2331, — Fss155 +

(

8 8 Wo
ox 0x?

Hgssa331: + Hsssss < 9 T a2 ) + Fssass <

(H{s + Hy)To — (Héys + Héss) T —
(Hégo1s + Hgys3)Ts — (Hiz + Hi3)Co —
(H§s113 + HSg133)Co —

g

0, : — Hy3—— + Hg13——

oz

DSSZlB)

0C%

=0
ox ’

(14)

— Fsssma— — Fsss1330 72—
x

0%,

0x?

(Fés11s + Fasiss) To—

(F& 3 + FSs)C1—

(FSCS213 + FSCS233)C3 =0,

>_

(15)

— Hgs13—— — Hgssis—— + Fsss33dz—
ox or

%Y,

0r?

(H&g113 + Hig133)To—

(H§)s + Hs3)Cr—

(HSgo13 + Hg933)C5 = 0.

o)

(16)

The governing equations involve mechanical, thermal and moisture constants which are menti-

oned in (17)—(19) as follows:
Mechanical constants

h/2
[AijaBijacijaDij] = Qz’j(z)/ [1727F17F2] dz,
—h/2
h/2
[Asijy Csijy Dsigy Feijy Hsig] = sz(z)/ zlz, Iy, By, 1Y Byl dz,
—h/2
h/2
[Cssiij, Cssaig) = Qij(z)/ Fi[Fy, F5)dz,
—h/2
h/2
[Dgg2ij] = Qij(2) /h/2 F3dz, [Fij] = Qij(z)/

h/2
[Hyj] = Q,-j(z)/ Fy dz,
y

h/2

Fydz,

—h/2

h/2
(Fssij, Hssij] = Qij(z)/ Fi[FY, F}]dz, (17)
—h/2
h/2
(Hsssij, Fss2ij] = Qij(z)/h/2 Fy[F|, F3]dz,
h/2
[Fsssij, Hsssij] = Qij(z)/h/z Fy[FY, Fyldz,
h/2 h/2
[FSSM]'] = Qij(z)/ F1/F1/ dz, [FSSSU]'] = Qij(z)/ F{/F{/ dz,
—h/2 —h/2
h/2
[Fsss2ij, Hsss2ii] = Qij(z)/h/2 FY[FY, Fy]dz.
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Thermal constants

h/2
[A;I;7B;I;7C;€7D£] = anZJ(Z)/ [17Z7 F17F2] dZ7

h/2
o, h/2
[A%is Caijs Dy Faig Hyyl = TQU(Z)/ 2z, By, Fy, FY, Fy] dz,
—h/2
h/2
Oy
[CgSlijac’gSQij] = TQij(Z)/ Fi[Fy, F5)dz,
—h/2
. o ne o
[DSS2ij] = FQU(Z)/ Fy dz,
—h/2
a, h/2
[Fij] = 57 Qu(2) / Fi'dz, (18)
—h/2

T Oy h/2 "
[Hij] = _Qij(Z) Fy dz,
—h/2

h/2
oy
[FgSij’ Hgsz'j] = TQU(Z) /h/2 Fl[Flﬁ> F2”] dz.

Moisture constants

h/2

[AS7BS7CS7D5] = ﬁ:}csz(Z)/ [17Z7F17F2] dZ7
—h/2

h/2
[Asc;jv ngv ngv ngv HS)] = %QU(Z) /h/Z Z[Zv Fy, I, Fl//v F2//] dz,

ﬁ h/2
[CgSIijach2ij] = f@ij(z)/ Fi[Fy, Fy] dz,

h/2
o ﬁx h/2 ) . ﬁx h/2 ,
DSeas) = Qo) [ P (F1=F0u) [ e (9
ﬁ h/2
[H] = —Qij(z)/ Fy dz,
IR
ﬁ h/2
Py Hol = @ute) [ AR F)

3.5. The boundary conditions

The boundary conditions obtained at x = 0 and x = L are in the following form:

Either N, = 0 or wuy is prescribed. (20)
Either M? =0 or Ow/0u is prescribed. 20
Either 9M?/0x = 0 or wy is prescribed. (22)
Either Mf ' =0 or ¢, is prescribed. (23)
Either Mfz =0 or 7, is prescribed. (24)
Either Q1. = 0 or ¢, is prescribed. (25)
Either Q2, = 0 or 1, is prescribed. (26)

13
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3.6. The analytical solution

Using the Navier’s solution technique, the analytical solution is obtained for the simply supported
FG beam. The displacement variables are expressed in the single trigonometric series

{Uo, ¢m7 %c} = Z{UWH ¢Im7 wiﬂm} COs O[l’,
et (27)
{U)Oa (o3 7va} = Z{wma Ozm, 7vbzm} sin acr,

m=1

where U, Wiy Gumy Yamy Pom, Yam are the unknown coefficients and o« = mar/ L. The top sur-
face of the beam is transversely loaded with ¢(z) and load is expressed in a single trigonometric
form as

q(z) = Z ¢m Sin az, (28)
m=1
where
4m = qo (sinusoidal load). (29)

Using (30), the analytical solution is obtained by substituting the trigonometric form of u, wy,
Gzs Vs Gz, 1V, and g(x) from (27)—(29) into governing equations (11)—(16)

(KA} ={/}, (30)

where K| represents the stiffness matrix, { f} represents the force vector and {A} represents
the unknowns coefficient vector. The elements of K], {A} and { f} are as follows:

Ky = —Ana?, Ky = Bua®, K3 =—Cpao?,

Ky = —D11042> K5 = Fza, K = Hiza,

Ky = —Agna?, Koz = Csna®, Kz = Dsna?,

Kos = —Fg1302, Ky = —Hg130%, K33 = —(Css1110° + Fasiss),
K34 = —(Css0110° + Hgssss), K35 = (Fss13 — Fssiss)a,

K36 = (Hss13 — Hsssss)a, Ky = —(Dssa110* + Fsgass),
Kys = (Fsssiz — Hsssss)a, Kyo = (Hsss13 — Fsszss) v,

Kss = —(Fss1550° + Fggs133), K56 = —(Hsss1550% 4+ Fsgs233),

Kos = —(Fss2550° + Hsgs233),
symmetric elements:

Ko = Kia, K31 = K3, Ky = K4, K51 = Ki5, K1 = K, K32 = Ko,
Kao = Koy, Ky3 = K34, K52 = Ko5, Koz = Kog, K53 = K3s,
Koz = K36, Kss = Kys, Kgg = Kug, Kos = Ksg,

{A} = {um7 W,y ¢mm7 w:pma szmu 7pzm}Tu
{Fy={f, —(f2+qm). fa, fu, S5, 637,

14
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where

fi = —(AL + Al tea — (BL, + BL)tia — (CF + CL)tsa — (DI, + DE)tsa —

(Af} + A5 Coa — (B + B)Cra — (C + C)Coa — (D) + D) Csar, (32)
fo=—q— (Bfl + AIB)toa (Agu + A513)t104 (Cgu + C§13)t2a2 -

(D& + Diip)tsa® — (BYy + Af)Coa® — (AGy, + AS13)Cia® —

(Cgll + 0513)C2a2 - (Dgll + Dgl3)o3a ’ (33)
f3 = (Cﬂ + C1s)t0a (an + Cgls)tla - (Cgsnl + Cg5113)t20‘ -

(Césa11 + Chganz)tsx — (Cfy + C13)Coax — (Cyy + C3)Crav —

(CSs111 + CSs113)Cacx — (CSga11 + CSsa13)Ca, (34)
fa= (Dfl + D13)t0a (Dgu + D513)t10z (055211 + Cgs213)t2a -

(Désin + Disug)tsa — (D + Di)Coa — (Dfy + Dg,3)Crar —

(C§sa11 + CSs213)Cacx — (D111 + DSs113)Csax, (35)
fs = =(Fis + Fgp)to — (Fai3 + Figa)ti — (Fasna + Fosuga)ta —

(Fasas + Fasass)ts — (Fig + Fi3)Co — (Fsi3 + Féa3)Ch —

(FSsu1z + FSs133)C2 — (Fsoos + Fss233)Cs, (36)
fo = —(Hf;, + H:g)to - (H§13 + H§33)t1 - (Hgsns + Hgsws)@ -

(Hgo13 + Hgass)ts — (Hyz + Hiz)Co — (Hyy + Heyy)Cr —

(H§s113 + HSs133)C2 — (Hso13 + H5233) Cs. (37)

4. Illustrative examples, numerical results and discussion

To verify the accuracy of the present theory, bending response under thermo-mechanical and
hygro-thermo-mechanical loadings are presented and discussed in this section. For the analytical
solution, the FG beam made of ceramic (Alumina: E. = 380 GPa, v, = 0.3) and metal (Alumi-
num: £, = 70 GPa and v,, = 0.3) is considered. Displacements and stresses are presented in
the dimensionless form

(L 100E,,h3w _ h 100E,,h3u
o(Z2,0)=—rmtW o g, -2 ) =mt

2’ LA 2 LA
qo do (38)
(L h ho, +.(0,0) hT,.
Oz \ 555 | = 7> Tzz\U,U) = .
2°2 qoL qoL

4.1. Illustrative example
To validate the present theory, the following examples are solved.

Example 1: Transverse displacements and stresses in FG beam under linear thermo-mechanical
load (17 = 10, C7 = 0, go = 100).

Example 2: Transverse displacements and stresses in FG beam under non-linear thermo-
mechanical load (77 = 10, T, = 10, C}, = C5 = 0, go = 100).

Example 3: Transverse displacements and stresses in FG beam under linear hygro-thermo-
mechanical load (77 = 10, C; = 100, go = 100).

Example 4: Transverse displacements and stresses in FG beam under non-linear hygro-thermo-
mechanical load (77 = 15 = 10, C; = Cy = 100, ¢ = 100).
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4.2. Numerical results for the thermo-mechanical load and their discussion

Table 1 shows the comparison of maximum dimensionless axial displacement #, transverse
deflection w, normal stress &, and transverse shear stress 7., for FG beams subjected to linear
thermo-mechanical load with the power index p. The transverse and axial displacements obtained
by the present theory are marginally less for ceramic and metal phases when p = 0, co, whereas
for p = 1, 2,5, 10 the transverse and axial displacements are in close agreement with the other
theories. It is observed that the displacement increases with an increase in power law index. This
is due to the decrease in the stiffness of the FG beam. It is noted that neglecting the transverse
shear deformation effect, the CBT underestimates the displacements. Also, it is important
to observe that the numerical results for normal and transverse shear stresses are having a
close agreement with other refined theories. Table 2 shows maximum values of dimensionless
transverse deflection w under linear thermo-mechanical loads by varying the aspect ratio and
power law index. As the aspect ratio increases, the dimensionless deflection found decreased,
whereas deflection increases with power law. Table 3 shows the comparison of non-dimensional

Table 1. Comparison of axial displacement, transverse deflection, normal stress and transverse shear
stress in FG beams subjected to linear thermal load (L/h = 10, T} = 10, go = 100)

P Theory Model U W Oy Trs

0 Present (¢, # 0) FOSNDT 0.4431 2.8214 7.6973 0.4768
Reddy [79] PSDT 0.4425 2.8186 7.4529 04773
Bernoulli-Euler [40] EBT 0.4353 2.8214 7.426 8 -

1 Present (¢, # 0) FOSNDT 0.6431 5.5257 10.3162 0.5211
Reddy [79] PSDT 0.6402 5.2001 10.9227 0.5189
Bernoulli-Euler [40] EBT 0.6262 5.3079 10.684 3 -

2 Present (¢, # 0) FOSNDT 0.7392 6.5080 12.5027 0.5461
Reddy [79] PSDT 0.7343 6.496 1 12.5278 0.5487
Bernoulli-Euler [40] EBT 0.7209 6.7472 12.2995 -

5  Present (¢, # 0) Present 0.8609 77374 145250  0.5298
Reddy [79] PSDT 0.8542 7.7387 14.5720 0.5215
Bernoulli-Euler [40] EBT 0.8298 7.8119 14.1569 -

10 Present (¢, # 0) FOSNDT 1.0159 8.4799 17.1333 0.4245
Reddy [79] PSDT 0.9880 8.4827 17.2089 0.4142
Bernoulli-Euler [40] EBT 0.9814 8.3812 16.743 1 -

%) Present(e, # 0) FOSNDT 2.0493 13.3446 21.3548 04771
Reddy [79] PSDT 2.0587 13.3451 21.3948 0.4769
Bernoulli-Euler [40] EBT 2.0475 13.0293 20.994 3 -

Table 2. Non-dimensional deflections w in FG beam subjected to linear thermo-mechanical load (77 = 10)
Aspect Ratio (L/h)
P 5 10 20 40 60 80 100
0 6.6382 2.8214 2.3419 2.2769 2.2695 2.2675 2.2267
1 10.8379 5.5257 4.6609 45163 4.4952 44885 44886
2 11.8434 6.5080 6.1001 6.0042 5.9925 5.9892 5.9878
5 12.854 8 7.7374 6.8898 6.7802 6.7658 6.7616 6.7596
10 13.8968 8.4799 7.6195 7.5014 7.4856 7.4808 7.4788
Metal 19.3594 133446 124627 12.3289 12.3108 12.3047 12.3026
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Table 3. Comparison of axial displacement, transverse deflection, normal stress and transverse shear
stress in FG beams subjected to non-linear thermo-mechanical load (L/h = 10, 77 = 10, T5 = 10,
qo = 100)

P Theory Model U w Oy Tz
0 Present (¢, # 0) FOSNDT 0.5015 3.2265 9.8165 0.476 8
Reddy [79] PSDT 0.499 1 3.2314 8.5113 0.4782
1 Present (¢, # 0) FOSNDT 0.7135 5.6475 12.594 8 0.508 6
Reddy [79] PSDT 0.706 5 5.7324 12.0543 0.5178
2 Present (¢, # 0) FOSNDT 0.8112 6.9469 13.7807 0.5472
Reddy [79] PSDT 0.8018 7.082 1 13.6789  0.5489
5 Present (¢, # 0) Present 0.9353 8.1126 159134  0.5206
Reddy [79] PSDT 0.9220 8.3387 15.729 1 0.5253
10 Present (¢, # 0) FOSNDT 1.0926 8.8763 18.5547  0.3987
Reddy [79] PSDT 1.078 5 9.0378 183960  0.4203
oo Present(e, #0) FOSNDT  2.1495 13.9323 234079 04815
Reddy [79] PSDT 2.1415 13.9289 23.0579 04769

Table 4. Non-dimensional deflections w in FG beam subjected to non-linear thermo-mechanical load
(L/h =10, T, = 10, T3 = 10)

Aspect Ratio (L/h)
P 5 10 20 40 60 80 100
0 9.9887 9.9887 2.3923 2.2832 22773 2.2683 2.2671
1
2

13.7517 5.6475 4.6382 4.5033 4.4883 4.4843 4.4828

15.743 6 6.9459 5.8188 5.6658 5.6484 5.6437 5.6419

5 17.3946 8.1126 6.890 1 6.7171 6.6973 6.6904 6.688 1
10 18.5259 8.8783 7.5945 7.4104 7.3878 7.3814 7.3788
Metal 25.7975 139323 123411 12.1148 12.0824 12.0797 12.0765

Table 5. Non-dimensional deflections in FG beam for different models subjected to linear and non-linear
thermo-mechanical load (L/h = 10, T = 10, p = 10, g = 100)

i T, =10 T, =T, = 10
/ EBT FSDT Reddy FOSNDT Reddy FOSNDT
5 | 141128  13.8024  14.4925 143137 13.1670 13.4976
10 8.3812 8.5689 8.9069 8.6311 7.9709 7.9878
20 7.664 8 77117 8.097 1 7.8483 7.2328 7.2343
40 7.5752 7.5869 7.969 0 7.7264 7.1192 7.1191
60 7.5662 7.5714 7.9514 77101 7.1042 7.104 1
80 7.564.0 7.5669 7.9463 7.7052 7.0997 7.0996
100 7.5632 7.565 1 7.944 1 7.703 1 7.0979 7.0977

axial displacement u, transverse deflection w, normal stress 7, and transverse shear stress 7.,
for FG beams subjected to non-linear thermo-mechanical loads. The observations are similar
to the thermo-mechanical case except some marginal improvement in numerical values due to
the inclusion of non-linear effect. Table 4 shows transverse deflection w for FG beam subjected
to non-linear thermo-mechanical loads by varying aspect ratios. Tabulated results clearly show
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that transverse displacements are found larger in the case of non-linear thermo-mechanical loads
compared to the linear load case. Table 5 shows the transverse displacements using different
models when power law index p = 10. It is observed that the present FOSNDT gives accurate
results compared to other theories.

Fig. 4 shows the through thickness variation of axial displacement « for FG beam under
linear and non-linear thermo-mechanical loadings, respectively. It is noticed that for the fully
ceramic case (p = 0) the axial stresses are compressive in nature, whereas for fully metallic
case (p = o0) it is tensile in nature. Fig. 5 shows the variation of transverse displacement w
for FG beam under linear and non-linear thermo-mechanical load using different aspect ratios.
In non-linear cases the displacements are slightly higher than in linear cases. Fig. 6 shows the
variation of bending stress for the FG beam under linear and non-linear thermo-mechanical
loads. The bending stress is zero at a neutral plane for ceramic and metal phases due to isotropic
properties of the material and when p = 1, 2,5, 10 there is a shift of the neutral plane due to
continuous change in volume fraction across the thickness. It is important to observe that in
the case of non-linear thermo-mechanical loads (7} = T, = 10) for p = oo, the bending stress
varies non-linearly. Fig. 7 compares the bending stress by CBT, TSDT and present FOSNDT
to understand the accuracy of the present theory when compared with other theories taking into

0.5

T,=10, L/ h =10, 05—
q,=100 T,=10, T,=10
7 —t— P=0 L/h =10,q0=100
0.25 - —— P=1 —i=P=0
' —4— P=2 0.25 1 —— P=1
—4— P=5 —t— P=2
X —é=— P=10 e —t— P=5
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N —— P=00
-0.25 -0.25 4
0.5 T T T (e VST 7T
-3 2 -1 0 1 2 3 -3 2 1 0 1 2 3
u u

Fig. 4. Variations of non-dimensional axial displacement # across the thickness of FG beam subjected to
linear (left) and non-linear (right) thermo-mechanical load
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Fig. 5. Variations of non-dimensional transverse displacement across the thickness of FG beam subjected
to linear (left) and non-linear (right) thermo-mechanical load for various aspect ratios
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Fig. 6. Variations of non-dimensional bending stress across the thickness of FG beam subjected to linear
(left) and non-linear (right) thermo-mechanical load
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Fig. 7. Comparison of non-dimensional bending stress between CBT, Reddy and present theory for FG
beam subjected to linear (left) and non-linear (right) thermo-mechanical load
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Fig. 8. Variations of non-dimensional transverse shear stress across the thickness of FG beam subjected
to linear (left) and non-linear (right) thermo-mechanical load

account the effect of linear and non-linear thermo-mechanical loads. It is observed that bending

stresses are higher in the case of non-linear loading case compared to the linear loading case.
Fig. 8 shows the distribution of transverse shear stress through the thickness of FG beam. When
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p = 1,2,5 and 10 due to the variation of volume fractions, the maximum values of transverse
shear stress are found shifted above the neutral surface. For ceramic and metal phases, the
transverse shear stress is a maximum at a neutral surface because of isotropic properties of
materials.

4.3. Numerical results for the hygro-thermo-mechanical load and their discussion

Table 6 shows the comparison of displacements and stresses for FG beams subjected to li-
near hygro thermo-mechanical load. The comparison of thermo-mechanical and hygro-thermo-
mechanical loading cases shows that the variations in stresses and displacements are similar in
both cases, but due to the inclusion of moisture load the numerical values are greater for the
hygo-thermo-mechanical case. It shows that the moisture load cannot be ignored to know the
accurate behaviour of the FG beams. Table 7 shows the maximum non-dimensional transverse
deflection under linear hygro-thermo-mechanical loads considering different aspect ratios. As
the aspect ratio increases, the deflection decreases. Table 8 shows the comparison of maximum
non-dimensional axial displacement , transverse deflection w, normal stress &, and transverse
shear stress 7,., for FG beams subjected to non-linear hygro-thermo-mechanical loads. In case
of axial displacement , it is noticed that the axial displacement values obtained by present

Table 6. Comparison of axial displacement, transverse deflection, normal stress and transverse shear
stress in FG beams subjected to linear hygro-thermo-mechanical load (L/h = 10, 71 = 10, C; = 100,
qo = 100)

P Theory Model U W Oy Tz
0 Present (¢, # 0) FOSNDT 0.4490 2.8591 7.7742 0.4846
Reddy [79] PSDT 0.4445 2.8186 7.4529 0.4773
1 Present (¢, # 0) FOSNDT 0.9921 5.6349 10.8664 0.5199
Reddy [79] PSDT 1.008 0 5.2915 11.0799 0.5186
2 Present (¢, # 0) FOSNDT 1.3028 6.9560 12.9832 0.5532
Reddy [79] PSDT 1.3170 6.8260 12.7559 0.5482
5 Present (¢, # 0) Present 1.5759 8.2455 149450  0.5266
Reddy [79] PSDT 1.5827 8.1312 14.8367 0.5209
10 Present (¢, # 0) FOSNDT 1.6072 8.7925 17.667 3 0.4138
Reddy [79] PSDT 1.6307 8.6415 17.5639 04119
00 Present(e, # 0) FOSNDT 2.1241 13.548 8 21.754 8 0.4769
Reddy [79] PSDT 2.1338 13.3789 21.5123 0.4724

Table 7. Non-dimensional deflections w in FG beam subjected to linear hygro-thermo-mechanical load
(Th =10, Cy = 100, go = 100)

Aspect Ratio (L/h)
D d 10 20 40 60 80 100
0 6.9571 2.8591 2.3405 22774 2.2696 2.2676 2.2667
1
2

12.7817 5.6349 4.6743 45179 4.4956 4.4887 4.4857

12.8520 6.9560 6.002 8 5.8923 5.8791 5.8754 5.8739

5 14.001 4 8.2455 6.9072 6.7824 6.768 5 6.7618 6.7599

10 15.6707 8.7925 7.8686 7.7290 7.7055 7.7039 7.703 1
Metal 21.3034  13.5488 12.4919 123325 123119 123058 12.3033

20



S. M. Ghumare et al. / Applied and Computational Mechanics 14 (2020) 5-30

Table 8. Comparison of axial displacement, transverse deflection, normal stress and transverse shear
stress in FG beams subjected to non-linear hygro-thermo-mechanical load (L/h = 10, T; = T» = 10,
Cl = 02 = 10, qo = 100)

P Theory Model U w Oy Tz
0 Present (¢, # 0) FOSNDT 0.5129 3.2641 9.8935 0.4810
Reddy [79] PSDT 0.5065 3.2314 8.5563 0.4763
1 Present (¢, # 0) FOSNDT 1.094 4 6.2265 13.6307 0.5194
Reddy [79] PSDT 1.1145 5.8904 123530  0.5170
2 Present (¢, # 0) FOSNDT 1.4157 7.3720 15.6969 0.5481
Reddy [79] PSDT 1.4370 7.3153 14.098 3 0.5462
5 Present (¢, # 0) Present 1.7122 8.9595 17.8682  0.5465
Reddy [79] PSDT 1.7272 8.8702 16.220 1 0.5195
10 Present (¢, # 0) FOSNDT 1.776 1 9.4502  20.8281 0.4266
Reddy [79] PSDT 1.7820 9.3278 19.0277  0.3980
oo Present(e, #0) FOSNDT 22524 14.5497 25.0805 0.4811
Reddy [79] PSDT 2.2467 14.5146 24.1430 0.4769

Table 9. Non dimensional deflections w in FG beam subjected to non-linear hygro-thermo-mechanical
load (11 = T> = 10, C; = Cy = 10, ¢o = 100)
Aspect Ratio (L/h)
P 5 10 20 40 60 80 100
0 10.3076 3.264 1 2.3969 2.2837 2.2715 2.2684 2.2672
1
2

18.0711 6.2265 4.7460 4.526 8 4.498 3 4.4898 4.4862

18.2340 7.3720 6.1405 5.9594 5.9337 5.9301 5.9286

5 19.0992 8.9595 6.9840 6.7920 6.7630 6.7618 6.7605
10 20.5869 9.4502 7.7193 7.5138 7.4824 7.4811 7.4796
Metal 277811 145497 125881 123446 123073 123055 12.3041

Table 10. Non dimensional deflections w in FG beam for different models subjected to linear and
non-linear hygro-thermo-mechanical load (p = 10, go = 100)

L/h Ty =10, C; = 100 Ty =1, =10,Cy = Cy =100
EBT FSDT Reddy FOSNDT Reddy FOSNDT
5 15.3849  16.1357  15.0678 15.6727 20.2472 21.2043
10 8.5402 8.7279 8.6415 8.7925 9.3278 9.4502
20 7.6886 7.7316 7.7314 7.8686 7.8188 7.9509
40 7.5777 7.5854 7.5920 7.7290 7.6030 7.7393
60 7.5669 7.5721 7.5737 7.7109 7.5769 7.7139
80 7.5643 7.5673 7.5682 7.7055 7.569 6 7.706 8
100 7.5634 7.5653 7.5659 7.7033 7.566 6 7.7040

FOSNDT are higher for ceramic and metal phases, whereas for other power index values it is
less than PSDT. The transverse deflection w, normal stresses &, and transverse shear stresses
T.. obtained by present FOSNDT are greater than PSDT for all the values of power law in-
dex. Other variations in displacements and stresses are observed similar to thermo mechanical
loading cases except some marginal improvement in the results due to the inclusion of hygro
load. Table 9 shows maximum deflection for FG beam subjected to non-linear hygro-thermo-
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mechanical loading for various aspect ratio and power law index. As the aspect ratio increases,
the non-dimensional deflection decreases and as the power law index increases, the deflection
increases due to increase in flexibility of the FG beams. The displacements are noticeably gre-
ater in non-linear hygro-thermo-mechanical load than in the linear load case. Table 10 shows
the results of transverse displacements for different models for power law index p = 10, it is
observed that all the displacement values are having a good agreement with other theories.

Fig. 9 shows the axial displacements @ across the FG beams subjected to linear and non-linear
hygro-thermo-mechanical loadings, respectively. In the non-linear case, the axial displacements
are larger. Fig. 10 shows the variation of transverse displacements w for FG beams subjected
to linear and non-linear hygro-thermo-mechanical loads. Due to low stiffness when p = oo, the
displacements are noticeably larger. Fig. 11 shows the bending stress variation for FG beams
subjected to linear and non-linear hygro-thermo-mechanical loads. The variations are exactly
similar to the hygro-thermo-mechanical loading case. It is important to notice that in non-linear
hygro-thermo-mechanical loads when p = oo, the bending stress varies non-linearly. Fig. 12
shows the distribution of transverse shear stress through the thickness of the FG beam for
thermo-mechanical and hygro-thermo-mechanical loading cases. For ceramic and metal phases,
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Fig. 9. Variations of axial displacement @ across the thickness of simply supported FG beams subjected
to linear (left) and non-linear (right) hygro-thermo-mechanical load
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Fig. 10. Variations of displacement w across the thickness of FG beams subjected to linear (left) and
non-linear (right) hygro-thermo-mechanical load for various aspect ratios
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Fig. 11. Variations of bending stress ox across the thickness FG beams subjected to linear (left) and
non-linear (right) hygro-thermo-mechanical loads
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Fig. 12. Variations of transverse shear stress 7, across the thickness of FG beams subjected to linear
(left) and non-linear (right) hygro-thermo-mechanical loads

the transverse shear stress has a maximum at the neutral surface because of isotropic material
properties. But when p = 1,2, 5 and 10 due to the variation of volume fractions, the maximum
values of transverse shear stress are found shifted from the neutral surface in metal phase. Other
variations are noticeable, similar to the thermo-mechanical loading case.

5. Conclusions

The present study includes the effect of non-linear hygro-thermo-mechanical loading and
thickness stretching to predict the accurate bending response of the FG beams using a fifth-
order shear and normal deformation theory (FOSNDT). FOSNDT includes the fourth order
variation of transverse displacement and fifth-order variation of axial displacements. This the-
ory does not need the shear correction factor to satisfy the traction free boundary conditions of
the FG beam. Using the principle of virtual displacement, the variationally consistent gover-
ning equations and associated boundary conditions are obtained. Using the Navier’s solution
technique, the analytical solution is obtained for simply supported FG beam. Several important
observations from the present study can be formulated:
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1. Displacements are increasing with an increase in the power law index due to the increase
in the flexibility with an increase in the power law index.

2. The analysis of obtained results shows that the displacements and stresses are marginally
higher in non-linear hygro-thermo mechanical loading cases than in cases with linear
loading.

3. It is important to notice that in the case of non-linear hygro-thermo-mechanical loads
when p = oo, the bending stress varies non-linearly.

4. The present theory is very simple to predict the accurate bending response of FG beams
in the presence of both thermal and hygro loads.

5. The numerical results by the present FOSNDT are in excellent agreement with other
theories.

Important recommendations

From the numerical results and observations, authors recommendations are as follows:

1. For hygro-thermo-mechanical analysis Carrera recommended that thickness cocordinate
must be expanded at least up to the fifth order to get the accurate results for FG beams
and plates.

2. Since the temperature and moisture effects are changing through the thickness, it is
recommended to consider the thickness stretching effect to get the accurate results when
FG beams are subjected to hygro-thermo-mechanical load.

3. As per the authors’ knowledge, the results obtained by the present investigation with
the hygro-thermo-mechanical loading will be the benchmark for future researchers and
scientists in the area which is addressed for FG beam first time.

Scope for the future work

It will be very interesting to address the effect of hygro-thermo-mechanical load on FG beam
considering the following points:

1. Dynamic and buckling response of FG beams using FOSNDT under non-linear hygro-
thermo mechanical loadings considering the thickness stretching.

2. To analyze the FG beams for other boundary conditions using FOSNDT considering the
thickness stretching and non-linear hygro-thermo mechanical loading.

3. To study the bending the behaviour of the curved beams and shells using FOSNDT with
the thermal and moisture effect.
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