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Abstract

The effect of a closed boundary on the hydrodynamic drag of a nonconcentric semipermeable sphere in an
incompressible viscous fluid is investigated. Darcy’s law holds in the permeable region and Stokes flow used inside
the spherical cavity. Suitable boundary conditions are used on the surface of a semipermeable sphere and spherical
cavity. Two spherical coordinate systems are used to solve the problem. By superposition principle, a general
solution is constructed from the solutions based on the semipermeable sphere and spherical cavity. Numerical
results for the hydrodynamic drag force exerted on the particle is obtained with good convergence for various
values of the relative distance between the centers of the inner sphere and spherical cavity, permeability parameter
and the separation parameter. The numerical values of the hydrodynamic drag force generalize the results obtained
for an eccentric solid sphere.
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1. Introduction

The low velocity flow around an object like solid, semipermeable, permeable or composite par-
ticles has been interesting subject in several scientific and engineering applications exemplified
pellets as catalysts, fluid-solid disperse systems, sedimentation etc. Many investigators over the
world carried out researches on numerous problems concerning flow through porous bodies.
Leonov [16] examined the porous sphere by a uniform stream of an incompressible viscous
fluid. Joseph and Tao [9] discussed the coupled problem of a viscous fluid past a permeable
sphere. Feng and Michaelides [3] obtained the drag force exerted on permeable sphere at fi-
nite but small Reynolds numbers. Srinivasacharya [18] studied the Stokes flow past a porous
approximate spherical shell using Darcy’s law. Shapovalov [17] discussed the highly viscous
flow past a partially permeable spherical particle. Vereshchagin and Dolgushev [20] studied the
filtration flow through the spherical shell. Yadav et al. [21,22] investigated the hydrodynamic
permeability of membranes built up by porous spherical shells, and porous deformed spheroidal
particles using particle-in-cell method.

Gluckman et al. [6] proposed boundary collocation method for slow viscous flow past a finite
assemblage of particles. Using this multipole truncation technique, many researchers solved
multi-particle interaction, particle-wall boundaries, and non-concentrated problems (Leichtberg
et al. [15], Ganatos et al. [4,5], Dagan [1], Keh and Lee [10]). Faltas and Saad [2] investigated
the slow motion of slip sphere in an eccentric cell using Happel and Kuwabara boundary
conditions [7, 14]. Srivastava et al. [19] studied the flow of an incompressible viscous fluid
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past a porous sphere in presence of transverse applied uniform magnetic field using particle-in-
cell method. Recently, Krishna Prasad and Bucha [13] studied the flow past a semipermeable
sphere under magnetic effect. Krishna Prasad [12] investigated the micropolar fluid past a
semipermeable sphere using different cell models. Yadav et al. [23] studied the hydrodynamic
permeability of a porous spheroidal particles. Khanukaeva et al. [11] examined the creeping flow
of micropolar fluid parallel to the axis of porous cylindrical cells. Yadav et al. [24] investigated
motion of a non-homogeneous porous spherical particle in a spherical container.

In present paper, we have extended the work done by Shapovalov [17] to an eccentric
semipermeable sphere in cell models. The hydrodynamic resisting force acting on the particle
is obtained. Numerical results for the case of motion of solid and semipermeable particle in a
concentric of closed boundary are included.

2. Mathematical statement

Consider the slow motion of a semipermeable spherically symmetric particle with radius a in
an incompressible viscous fluid, surrounded by a non-concentric spherical cavity with radius b,
as depicted in Fig. 1. Let ) = 7 be the separation parameter. The spherical cavity is frictionless.
The fluid comes near the cavity surface and past a semipermeable sphere translating at a constant
velocity U from the negative z-axis. Here, (r, 0, ¢) and (p, ¢, z) denote the spherical coordinate
and circular cylindrical systems, respectively. The origin is fixed at the centre of spherical
cavity. The centre of the semipermeable sphere is placed at a distance d from the centre of
the cavity. Let (ry, 601, ¢) and (rq, 02, ¢) be the spherical coordinates based on the centre of
a semipermeable sphere and spherical cavity, respectively. The relation between the radii of
semipermeable sphere 7; and spherical cavity 75 is given by 7 = r2 + d*> — 2ryd cos 6 or
r3 =r?+d*+ 2ridcosb;.

The field equations governing the flow outside the semipermeable sphere are the continuity
and Stokes equations

V- =0, (1)
Vp) + 4V x V x 7 = 0. 2)
Semipermeable
zy sphere
¢ T
PErl,el,d);
r2162:¢

| =

Spherical envelope
(Newtonian fluid)

Fig. 1. Geometry of the problem
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For the flow field inside the semipermeable sphere, there are the continuity equation and the
Darcy’s law
v-7® =0, 3)
70— _Fge @)
L

where ) and p, i = 1,2 denote the velocity vector and the fluid pressure at any point, /i is
the coefficient of viscosity, and £ is the permeability of the porous medium.

Since the considered problem is axially symmetric, all the flow quantities are independent
of ¢. Thus, one can take the velocity vectors in the cylindrical coordinates as

70 =00, +ole, =12 (5)
Since V- 7(Y) = 0, one can represent the velocity components v,gi) and v\ in terms of the Stokes
stream function as

. 10y ‘ 1 0y®
0@ = = 0 — _—
P )
p Op

= =1,2. 6

p az ) A Z ) ( )
The fourth order and second linear partial differential equations for the stream functions ¥,
1 = 1, 2 are obtained by eliminating the pressures from (2) and (4)

B =0, (7
E*p® =0, ®)
where £? = g—; — %a% + g—; is the Stokesian operator.

3. Boundary conditions

To determine the flow velocity components outside and inside the semipermeable sphere, con-
tinuity of pressure, normal velocity, zero tangential velocity at the interface are used, while at
the cavity surface, continuity of radial velocity, Happel and Kuwabara boundary conditions are
assumed [9, 12,13, 17]. Therefore, the following relations can be obtained

onr; = a:
vp(l) tanf; + v = v,@ tan 6, + v, €))
v[fl) cot 0, — UZ(I) =0, (10)
p® =p® (11)
onry = b:
vl()l) tan 0y + vz(l) = —-U, (12)
(a) Happel model
=0 =
(b) Kuwabara model
E*pM = 0. (14)
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4. Solution of the problem

Using the principle of superposition, the stream functions ¢ of the fluid flow, which satisfy
the boundary conditions on the spherical surfaces in the spherical coordinates [2,4, 5,8, 10], are
obtained by solving (7) and (8)

PO = [(Anry" T Bury ") 0,(60) + (Curh + Doy ™) 9a(%)] (15)

n=2
oo

PO =" (enr + fur ™) Va(&). (16)
n=2
The stream function 1/ is finite at the center of the semipermeable sphere and imposes the
condition f,, = 0. In (15) and (16), 9J,,(-) denotes the Gegenbauer function of the first kind of
order n and degree —% and &; = cos 01, & = cos 6. The unknown coefficients A,,, B,,, C,,, and
D,, can be determined using the boundary conditions (9)—(14).

The axial v,(,i) and radial v,gi) velocity components, the pressure p(i), 1 = 1,2, and the

tangential stresses tf,ﬁb are given by

vl = i [An A1n(C1) + By Bin(G) + G Cin(G2) + D Din(G2)] (17)
oD = 3 [y Asn(G2) & B Ban(G) + CoCanlG2) + DuDan(@)], (19)

-
P = 2 [BnBsn(C1) + Dn Dn(G)] (19)
10, = 3 A Ai() + BuBan(G) + G Cin(G) + Dy Din(G)] (20)

-
B2 = 2 [By Bra(G1) + Dy Dra(G2)] 1)
vl = i E,E1,(¢), (22)
v? = f} EnEa,(Cr), (23)
p® = i E, E3(G), (24)

where ¢; = (11, 61), @i (rqg,02) and

: [An Asn(C3) + BrBsn(Cs) — L Esn(Cs) + Cn Csn(Ca) + DnDsn(G1)] =0, (25)

> [An Aen(G) + BuBen((s) + Co Con(Ca) + D Dia(Ca)] = 0, (26)
n=2

Z B B3n CB En E3n(C3) + Dn D3n(<4)] = 0’ (27)
n=2
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M]3

[An Asn(C5) + Bu B, (G5) + Cn Csn(Co) + D Dsn(Ge)] = =1, (28)

n=2

WE

[An Aun(C5) + BrBuy(Gs) + Crn Can(Cs) + Dn Dan(Gs)] = 0, (29)

3
[|
¥

> [BuBr(Gs) + DuDra(G)] =0, (30)
n=2

where Cg = (1, 91), C4 = [(7“2, 02)]“:1, C5 = [(7“1, 01)]“:%, CG = (%, 91), and the functions Apn,
B,., C,,, Dy, and E,,, withp = 1,...,7 are given in Appendix A.

5. Drag on the semipermeable sphere

The drag force can be calculated by using the formula

T E2’I7D(1
F= st g0 (L0
7T,ua/0 rsin or (r2sm H)T

which indicates that B, contributes to the hydrodynamic force experienced by the semipermeable
sphere. The expression B is the lowest order coefficient. The value of Bs is the most precise
and quickest convergent result.

The exact solution for the case of concentric semipermeable sphere, using the Happel and
Kuwabara models, is given as

d0 = —47palU Bs, 31

r=1

_ 2(8° — 10)° + 36°

Fy,=—4mpal [2(52 —10)15 + 3(2 — B2)1p° + 32(3n — 2) — 1] (32)
B 1532

Fry,=—-4mpualU lQ(ﬁz —10)n5 — 10(2 + 5%)n® + 26%(9n — 5) — 5} : (33)

If there is no cavity surface, i.e., a/(b — d) = 0, then the fluid is unbounded. The drag acting on
a semipermeable sphere in a viscous fluid is given as [17]

Foo:—47ruaU[ (34)

If 5 — oo, the drag exerted on a rigid sphere is obtained [8].

The wall correction factor W is calculated as the ratio of the drag force acting on the
semipermeable sphere in the closed boundary to the semipermeable sphere in the free medium.
With the aid of (31) and (34), we get

W = . (35)

6. Results and discussion

To obtain the numerical solution of the drag force exerted on a semipermeable sphere translating
within a spherical cavity, let us choose boundary collocation points along the half-circular
generating arcs of the semipermeable sphere and spherical cavity. The initial point §; = 0 and
the terminal point #; = 7 are chosen along with the point §; = /2 on both the arcs. If these
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three points are used in the system of equations (25)—(28) and in (29) and (30) for the Happel
and Kuwabara models, respectively, then the coefficient matrix becomes a singular matrix. To
avoid this difficulty and to achieve good accuracy, it is possible to use the method recommended
in the literature [1,2,4-6, 10]. The adjacent points of §; = 0,7/2,m are §; = €, §; = /2 — €,
0; = m/2+ €, 0; =1 — €, where € is a specified value (¢ = 0.01°) chosen so that the coefficient
matrix is nonsingular. Let us divide the two quarter-circular arcs into equal segments so that
additional points are selected as mirror-image pairs about # = 7/2. Choosing of finite number
of discrete points on the arcs results in a system of linear equations. This system is solved by
using the Gaussian elimination method.

5] — Happel model /
—— Kuwabara model /~/
4 .
3 .
=

2 .

1 -4

0 T T T T

0.1 0.2 0.3 0.4 0.5
n

Fig. 2. Variation of W versus 7 for different values of ¢ (solid line § — 0, dashed line 6 = 0.25, and
dash-dotted line § = 0.5) and fixed k1 = 0.001

The numerical solution of the wall correction factor 1/ exerted on the semipermeable
sphere in the nonconcentric cavity containing viscous fluid for both the aforementioned cases
is presented in Fig. 2 and Tables 1 and 2. The obtained results converge to at least six decimal
places. The following parameters are present in the problem:

Table 1. Convergence of the wall correction factor W), for different values of 4, 7, and k;

wall correction factor Wy, (Happel’s model)
N |k —0 N | by =0.001 | N | ky =0.001
n=20.5 n=20.5 n=20.5
§=10"° 0=20.25 0=0.5
6 |3.62962 | 6 | 3.81408 6 | 4.78145
8 [3.62962 | 12 | 3.803 14 12 | 4.546 66
- 18 | 3.80341 18 | 451816
- 20 | 3.80343 24 | 451336
- 22 | 3.80343 30 | 4.51310

- - 36 | 4.51304
- - 38 | 4.51303
- - 40 | 4.51303
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Table 2. Convergence of the wall correction factor W, for different values of 9, 7, and &

wall correction factor Wy, (Kuwabara’s model)
N |k —0 N | kr =0.001 | N | ky =0.001
n=0.5 n=20.5 n=20.5
§=10"° 0=0.25 0=0.5

6 | 4.50704 6|4.70113 6 | 5.93037

8 1450704 |12 | 4.68211 12 | 5.43278
— 18 | 4.68253 18 | 5.42203
- 24 | 4.68251 24 | 541923
- 30 | 4.68249 30 | 5.41850
- 32 | 4.68249 36 | 541832
- - 38 | 5.41828
- - 40 | 5.41828

Table 3. Wall correction factor W), for different values of k1, 7, and 6

w
o n ki —0 | ky =0.001 | k&, =0.003

0.00001 | 0.001 | 1.00150 | 1.00150 1.001 50
0.010 | 1.01523 | 1.01522 1.01521
0.100 | 1.17646 | 1.17636 1.176 15
0.200 | 1.42803 | 1.42772 1.42711
0.300 | 1.81152 | 1.81076 1.809 24
0.400 | 2.44813 | 2.44615 244221
0.500 | 3.62963 | 3.62346 3.61118
0.25 0.001 | 1.00164 | 1.001 64 1.001 64
0.010 | 1.01664 | 1.01663 1.01661
0.100 | 1.19188 | 1.19177 1.19154
0.200 | 1.46273 | 1.46238 1.46169
0.300 | 1.87258 | 1.87170 1.86995
0.400 | 2.55082 | 2.54849 2.543 86
0.500 | 3.81083 | 3.80343 3.78873
0.5 0.001 | 1.00219 | 1.00219 1.00218
0.010 | 1.02215 | 1.02214 1.02212
0.100 | 1.25230 | 1.25214 1.25181
0.200 | 1.59805 | 1.59753 1.596 48
0.300 | 2.11016 | 2.10875 2.10592
0.400 | 2.95211 | 294811 294014
0.500 | 4.52649 | 4.51302 4.48640

1. The separation parameter: 7 = a/b (0 < n < 0.5).

2. The parameter ¢ = ﬁ is the normalized deviation distance of the center of inner sphere
from the center of spherical container: If § — 0, the center of inner sphere and spherical
container coincide and the problem is reduced to translation of a semipermeable sphere
in a concentric spherical container.
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Table 4. Wall correction factor W, for different values of k1, 1, and §

w
) n ki —0 | k&, =0.001 | k&, =0.003

0.00001 | 0.001 | 1.00180 | 1.00180 1.001 80
0.010 | 1.01833 | 1.01832 1.01830
0.100 | 1.21803 | 1.21789 1.21762
0.200 | 1.54324 | 1.54278 1.54187
0.300 | 2.05400 | 2.05269 2.05007
0.400 | 2.91392 | 2.90998 290215
0.500 | 4.50704 | 4.49347 4.466 62
0.25 0.001 | 1.00191 | 1.00191 1.00190
0.010 | 1.01937 | 1.01936 1.01934
0.100 | 1.23013 | 1.22998 1.22969
0.200 | 1.57255 | 1.57206 1.57108
0.300 | 2.10992 | 2.10850 2.10566
0.400 | 3.01556 | 3.01127 3.00274
0.500 | 4.69741 | 4.68248 4.65293
0.5 0.001 | 1.00232 | 1.00231 1.00231
0.010 | 1.02352 | 1.02351 1.02349
0.100 | 1.27753 | 1.27734 1.27698
0.200 | 1.68611 | 1.68548 1.68420
0.300 | 2.32583 | 2.32397 2.32025
0.400 | 3.40895 | 3.40327 3.39192
0.500 | 5.43868 | 5.41828 5.37759

3. The permeability parameter 3 = a/v/k: If 3 — oo, the special case of translation of a
solid sphere in an eccentric spherical container is obtained.

Fig. 2 depicts the variation of the wall correction factor W' with the separation parameter 7
for different values of ¢ and for the fixed value of the permeability parameter k(= 1/5 =
V'k/a). It is observed that 1V is a monotonic increasing function of 7. Tables 1 and 2 indicate
that 1 decreases with an increase in nonzero permeability parameter k; and increases with
an increase in the separation parameter 7. It is found that the drag force on an eccentric
semipermeable sphere is less than the drag force exerted on an eccentric solid sphere in a
bounded spherical medium. Collocation results of W in Table 1 for the concentric case (6 — 0)
agree with the exact solutions and for a nonconcentric particle (6 # 0) of solid case, k; — 0
matches with the results of Faltas and Saad [2].

7. Conclusions

In this work, the numerical solution for the slow motion of a semipermeable sphere in a
nonconcentric spherical cavity was studied. The wall correction factor acting on the particle
was calculated for different parameter values and the results showed that the solution procedure
converges rapidly. It was observed that the wall correction factor is an increasing function of
separation parameter and is a decreasing function of the permeability parameter. The distance
between the centers of the particle and the container played a significant role in evaluating
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the values of the wall correction factor. It was noted that the wall correction factor is minimal
when the particle is at concentric position and increases monotonically with the relative distance
between the centers of the particle and the container. Also, it was found that the drag force on an
eccentric semipermeable sphere is less than the drag force exerted on an eccentric solid sphere
in a bounded spherical medium.
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Appendix A
The functions appearing in (25)—(30) are defined as

AL (Q) = —r " Y n4 1) Una (6)(1 — €372, (36)
B, (¢) = —r " (n+ 1) Uy (§) — 26 0,(6)] (1 — €)1, (37
Cin(Q) = =" 2 [(n+ 1) Unsa(§) — (2n — 1) £0,(6)] (1 — €)1/ (38)
=E1,,(¢),
Dy, (¢) = =" [(n+ 1) Un41(§) — 2n + 1) E9,(6)] (1 — €)1, (39)
Ao (C) = —rT"TIRL(9), (40)
By, (¢) = —r 7" [20,(8) + Pa(€)], 1)
Cn(Q) = =" 72 [(2n — 1) 9 (€) + Pu(€))] (42)
= E,(¢),
Do, (¢) = —r"[(2n + 1) 9,(§) + Pu(E)], (43)
By, (C) = —Q(Z”n_ ) (44)
Da,(0) =~ 22 ), @)
Es (€) ﬁ2ﬁr"—%_l<£>, (46)
Ain(C) = 2(n® = )r " 20, (§)(1 — €)1, (47)
By, (¢) = 2n(n—2)r " 0,(¢)(1 — &), 48)
Cyn(C) = 2n(n — 2)r" 20, (€)(1 — £2)~ ”2, (49)
= E4,(0), (50)
Dy, (¢) = 2(n = 1)r" 19, () (1 — &) 7, (51)
Asn(C) = A (9611 = )Y + Az (9), (52)
B5,.(¢) = Bun ()11 — €)' + Ban(€), (53)
Csn(C) = Crn()E (1 = ) 4 Can(9), (54)
D5, () = D1 ()61 = €3)Y? 4+ Doy (§), (55)
Aen(C) = A (E(1 = )77 — Az (9), (56)
B, (¢) = B1n(§)E(1 — &) 7% — Ban (), (57)
Cn(¢) = Cra(§)E(1 = )72 = Can(9), (58)
D, (¢) = D1 ()E(1 — &) 7% = Doy (), (59)
Br,(¢) = —2(2n — 3)r "0, (), (60)
D7, () =22n+ 1)r" 9,(¢). 61)
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Additionally, the article utilises the following relations between the spherical (r, 6, ¢) and
cylindrical (p, ¢, z) coordinate systems:

—d
ro=[p* + (2 — d)}"?, cos by = : , sinf; = ﬁ,
1 ™
ry = [p? + 22]1/27 cos by = i, sin @y = L
T2 T2
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