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Abstract

The paper describes analytical and numerical solutions for five selected domes (a spherical shell, a geodesic-
isotensoid shell, a shell with zero transversal strain, a shell with zero transversal stress, and a shell with identical
strain) for composite pressure vessels manufactured by means of filament (helical) winding. The stresses and
strains in the domes were evaluated analytically from known equations with the use of MATLAB script for numer-
ical evaluation and via finite element analysis (FEA) with Abaqus software and results were compared with each
other. Two failure criteria, interactive and non-interactive, were chosen for the evaluation of critical areas of the
shells. Moreover, the best dome shape for a given material and polar hole/equator ratio was selected for various
types of failure, i.e., a loss of tightness/leakage or the failure of the fibers.
© 2022 University of West Bohemia.
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1. Introduction

Various types of heads or ends can be provided for pressure vessels. With respect to metal
pressure vessels, typical dome shapes comprise of hemispherical, ellipsoidal and torispherical
domes [14, 20], ovaloid domes [17], plain formed heads [3] and flat ends [13]. The use of
pressure vessels is essential for storage of gases/fluids at various pressures, from consumable
products to advanced aerospace systems; hence, the development of composite pressure vessels
(primarily aimed at achieving weight savings and high-pressure ratings) manufactured by means
of filament winding technology should be done [2]. In addition, filament winding technology
allows for the development of the cylindrical part of the vessel and the domes in the form of
a single manufacturing operation [16]. The trajectory of the fiber path and the corresponding
fiber angles cannot be chosen arbitrarily because of the requirement for stability – the geodesic
condition for winding (geodesic lines connect two points along the shortest distance over the
surface and no friction force is required to keep the fiber from slipping, for example, see [21]).
The geodesic condition and the utilization of various mechanical properties in different direc-
tions can be applied for developing special dome shapes for filament-wound composite pressure
vessels [6].

Two main theories are applied for the analytical computation of filament wound composite
pressure vessels: the netting theory [23], which reduces the transfer of load upon the loading of
the fibers only (the matrix does not participate in the transfer of the load), and the theory of the
orthotropic continuum, which includes the influence of the matrix on the transfer of load and
which allows computation with the material stiffness in tension, compression, bending, etc. [4].
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Since finite element analysis (FEA) provides a powerful tool for the investigation of the
complex mechanical behavior of pressure vessels [18], it was chosen for the comparison with
the analytical solution.

2. Analytical solution

The analytical solution is based on the classical lamination theory (CLT), for example, see [19].
The assumptions for the solution comprise of:

• a linear elastic material model of the composite,
• a wall thickness h that is significantly lower than the smallest radius of the shell,
• an internal pressure that leads to membrane loading in the walls of the shell,
• a composite wall that is a balanced laminate consisting of only two layers with fiber

orientations of ±ω of the same thickness and volumetric fiber contents.
For thick shells, whose thickness is comparable to the radii of curvature, more complex analyti-
cal solutions or the finite element (FE) method must be employed [12]. A thick-walled cylinder
is considered where the ratio between the outer and inner radius is greater than (1.1÷ 1.2), for
example.

2.1. Stress in the composite layer

In each layer of the coordinate system (L, T ), the Hooke’s law can be written with the use of
the stiffness matrix as

σL

σT

τLT

 =


EL

1−νLT νTL
− νTLEL

1−νLT νTL
0

− νLTET
1−νLT νTL

ET
1−νLT νTL

0

0 0 GLT




εL

εLT

γLT

 (1)

or with the use of the compliance matrix as
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whereEL is the longitudinal modulus, ET is the transversal modulus,GLT is the shear modulus,
νLT is the major Poisson ratio and νTL is the minor Poisson ratio. The knowledge of the stress
and strain components in different coordinate systems, for example, (ψ, φ) in Fig. 1, allows for
the determination of the same quantities in the coordinate system (L, T ) σL
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Fig. 1. The coordinate systems of the layers and their transformation

where T is the transformation matrix

T = T (α) =

 m2 n2 2mn
n2 m2 2mn

−mn mn m2 − n2

, (5)

where α = ±ω, m = cosα, n = sinα.
In the case of a layer, for which the loading direction differs from the orientation of the

fibers, the relationship between the stress/strain is σψ
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where Qij are the elements of a well-known reduced stiffness matrix (for example, see [13]),
which can be expressed using the elastic constants of the layer in the (L, T ) coordinate system:
EL, ET , GLT , νLT and angle ω. The membrane stiffness matrix A of the 2-layer laminate can
be computed as

Aij =
[
Qij(ω) +Qij(−ω)

]h
2
. (7)

The strength prediction of the computations can be expressed via the application of well-
known strength theories, for example, see [5]. One non-interactive (the maximum stress failure
theory [7]) and one interactive theory (the Tsai-Wu failure theory [22]) were chosen for pre-
diction purposes. The maximum stress theory states that failure occurs when at least one of
the stresses in the material coordinates exceeds the corresponding experimental strength value.
This can be expressed as

−FLc < σL < FLt, −FTc < σT < FTt, −FLT < σLT < FLT . (8)

The Tsai-Wu criterion can be stated as(
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Here, F is the strength, the first subscript is the direction in the material coordinates (L, T ) and
the second index denotes the tension/compression. In composite pressure vessels manufactured
by means of helical winding, failure may occur in the form of media leakage (the fibers are
without failure) or by total burst of the shell wall and failure of the fibers. The first failure
is caused by the loss of adhesion between fibers and matrix or by matrix failure (τLT and σT
are responsible for the leakage failure) and it occurs in shells without liner or with liner which
has just protective function against aggressive medium. The second type of failure occurs at
significantly higher pressures when the shell wall already lost its tightness but according to the
hermetic liner there is no leakage (σL is responsible for the failure of the fibers) [2].

2.2. Stresses in the shell

Let us consider a closed pressure vessel for all the analyzed cases mentioned below. The mem-
brane stresses (or the in-plane resultant forces) in the meridian and circumferential directions
(Fig. 2) are [8]

σψ =
Nψ

h
=
pRφ

2h
, σφ =

Nφ

h
=
pRφ

2h

(
2− Rφ

Rψ

)
, (11)

where p is the internal pressure and Rφ and Rψ are the principal radii of curvature in the cir-
cumferential and meridian directions, respectively.

In a balanced laminate, the total τψφ = 0; however, each layer exhibits a different shear
stress (+τψφ and −τψφ). The normal stresses σψ and σφ are the same for the whole of the
balanced laminate and for each layer. The normal stresses in each layer can be written according
to (11), the shear stress in the +ω layer as

τψφ = Q16εψ +Q26εφ +Q660, (12)

where εψ and εφ are the strains in the meridian and circumferential directions

εψ =
1

Eψ
(σψ − νψφσφ) , εφ =

1

Eφ
(σφ − νφψσψ) , (13)

Fig. 2. Shell of revolution of double curvature geometry manufactured by means of helical winding
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where Eψ, Eφ, νψφ and νφψ are the elastic constants in the coordinate system (ψ, φ) that can be
evaluated from the reduced stiffness matrix

Eψ = Q11

(
1− Q2

12

Q11Q22

)
, Eφ = Q22

(
1− Q2

12

Q11Q22

)
,

νψφ =
Q12

Q22

, νφψ =
Q12

Q11

, Gψφ = Q66.

(14)

The boundary conditions for the shell equator are: Rψ = ϱ0, Rφ = r = R, h = h0, ω = ω0 and
θ = π/2.

The principal radii of the shell of the revolution of double curvature can be written [11] as

Rψ = −
[
1 + (r′)2

] 3
2

r′′
, Rφ = r

[
1 + (r′)

2
]1/2

, (15)

where r′ and r′′ are the first and second derivatives of r with respect to the meridian coordinate
ψ. The combination of (11) and (15) provides the differential equation of the shell

rr′′ =
[
1 + (r′)

2
](Nφ

Nψ

− 2

)
. (16)

For a given ratio of the in-plane resultant forces from (11) Nφ/Nψ (or again with the use of
(11), this ratio can be expressed via Rφ/Rψ), it is possible to obtain the meridian profile of
the shell and from (15), both principal radii via the use of numerical integration [11] or of the
algorithmization of graphical method by using the curvature ratioRφ/Rψ for the analyzed dome
shapes [8, 10].

2.3. Shell of revolution of double curvature

The shell geometry and elastic constants at an arbitrary point of the meridian are functions of
the winding angle ω, the wall thickness h, the angle between the axis of revolution and normal
to the shell midplane θ, the parallel radius r and both the principal radii, Fig. 2.

The winding angle ω is given by the geodesic condition, which can be written as [9]

sinω =
r0
r
. (17)

When the equator radius R is added to (17), the ratio r0/R is obtained, which is the relative
size of the polar hole. This ratio determines the winding angle ω0 on the equator and on the
cylindrical part of the shell that lies behind the dome.

The wall thickness is caused by the winding of a tape of a constant width on a decreasing
radius r from the equator to the polar hole r0. The wall thickness can be computed as [10]

h = h0
R cosω0

r cosω
, (18)

where h0 is the wall thickness on the equator. The angle θ can be evaluated according to Fig. 2

sin θ =
r

Rφ

. (19)
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2.4. Analyzed domes

Five domes (see Fig. 6 for their meridian shape) were chosen for the analysis and comparison
purposes (with constant input parameters described in Section 3): a spherical shell, a geodesic-
isotensoid shell, a shell with zero transversal strain, a shell with zero transversal stress, and a
shell with identical strains.

Spherical shell

The meridian curve of spherical shells is given, i.e., it is not a function of the elastic material
parameters or the relative size of the polar hole r0/R. In the whole field of the shell,

Rφ

Rψ

= 1. (20)

Geodesic-isotensoid (GI)

The dome shape is based on the netting analysis (from the condition of constant fiber ten-
sion) [24]. The meridian curve is not a function of the elastic material parameters but is un-
ambiguously determined by the relative size of the polar hole r0/R. According to the netting
analysis [8, 23],

Nφ

Nψ

= tan2 ω. (21)

With the use of (11), (21), (17) and (16), the following formula was obtained

Rφ

Rψ

=
2− 3

r20
r2

1− r20
r2

=
rr′′[

1 + (r′)2
] . (22)

From (22), it is clear that the meridian curve has an inflection point at a location where r′′ = 0

r = r0

√
3

2
. (23)

This point divides the meridian curve into two parts: the wide part of the shell is concave,
r0
√

3/2 < r < R, and the small part of the shell is convex, r0 < r < r0
√

3/2. The small
convex part of the profile approximates to the sphere radius or the conical part and the polar
fitting should reach beyond the inflection point [24].

Shell with zero transversal strain εT = 0

The meridian curve is a function of the elastic material parameters and the relative size of the
polar hole r0/R. Zero strain applies in the transversal direction to the reinforcing fibers at each
point [10]. The condition εT = 0 results in

Rφ

Rψ

= 2−
νφψ
Eφ

− 1
Eψ

tan
2
ω

1
Eφ

− νψφ
Eψ

tan2 ω
. (24)

Shell with zero transversal stress σT = 0

The meridian curve is a function of the elastic material parameters and the relative size of the
polar hole r0/R. Zero stress applies in the transversal direction to the reinforcing fibers at each
point [15]. The condition σT = 0 results in

Rφ

Rψ

= 2− Eφ
Q11

νLT + tan2 ω

tan2 ω (νφψ − νLT ) + νφψνLT − 1
− νφψ. (25)
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Shell with identical strains εT = εL, εψ = εφ

The meridian curve is a function of the elastic material parameters and the relative size of
the polar hole r0/R. The strain should be the same in all directions at each point [11]. This
condition results in

Rφ

Rψ

= 2− A12 + A22

A11 + A12

. (26)

The meridian curves of the shells with zero transversal strain, zero transversal stress and
with identical strains have an inflection point which occurs when the right-hand sides of
(24)–(26) equal zero. All meridian curves of these shells are functions of the elastic mate-
rial parameters so the position of the inflection point cannot be simply evaluated as in the case
of the geodesic-isotensoid shell (23). The solution is similar to that of the geodesic-isotensoid
shell, i.e., the very small convex part of the profile approximates to the sphere radius or the
conical part and the polar fitting should reach beyond the inflection point [11].

3. Finite element analysis

Analytical and numerical solutions were determined for a glass/epoxy system (volumetric fiber
content of 60 %) with the elastic and strength properties shown in Tables 1 and 2, respectively.
The properties were taken from LamiEx software used by Compo Tech PLUS company. The
other analysis input characteristics comprised of the radius of the polar hole r0 = 20mm, the
equator radius R = 50mm (i.e., r0/R = 0.4, which clearly determines the winding angle
±ω0 = 23.6◦ on the equator for all the analyzed dome types), the thickness on the equator
h0 = 1mm and the internal pressure p = 1MPa.

Table 1. Elastic properties of the lamina in the appropriate directions

EL [MPa] ET [MPa] GLT [MPa] νLT [−]

46 200 16 513 5 998 0.31

Table 2. Strength properties of the lamina in the appropriate directions

FLt [MPa] FLc [MPa] FT t [MPa] FT c [MPa] FLT [MPa]
1 200 600 45 145 65

The finite element analysis (FEA) was conducted for all the above mentioned five domes in
Abaqus software. The domes were modeled as shell structures applying symmetrical boundary
conditions (u1 = ur2 = ur3 = 0) in the yz-plane and the internal pressure loading, see Fig. 3;
the lamina was chosen for the description of the behavior of each layer of the material. The
colors in Fig. 3 represent the varying properties along the meridian curve – the thickness and
the winding angle (which is related to the local spherical coordinate system). From Figs. 6
and 7, it is clear that in the wide area around the equator, the wall thickness h and the winding
angle ω are approximately constant (wall orthotropy). Rapid increase of these parameters is
around polar hole so the analytical solution here loses its validity and in real construction the
polar fitting reinforce these areas. S4R shell elements (for details, see [1]) were applied for all
the analyzed cases.
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Fig. 3. The geodesic-isotensoid shell with the boundary condition and internal pressure loading

The resulting stresses must be transformed into local spherical coordinate systems in order
to allow for a comparison with the analytical solutions. Fig. 4 provides an illustration of the
orientation of the winding angle along the meridian curve for a shell with εT = 0.

Fig. 4. The orientation of the winding angle along the meridian for the shell with εT = 0

The strength prediction was expressed via the application of two strength theories (maxi-
mum stress and Tsai-Wu) and the failure index IF , which were considered in Abaqus software.
Each of the stress-based failure theories defines a failure surface that surrounds the origin in
a three-dimensional space (σL, σT , σLT ). A failure occurs when a state of stress occurs on the
surface. The failure index K is used to measure the proximity to the failure surface{σL

K
,
σT
K
,
σLT
K

}
=⇒ failure index IF = 1.0, (27)

i.e., 1/K is the scaling factor with which it is needed to multiply all of the stress components
simultaneously so as to lie on the failure surface. Values of K < 1 indicate that the state of
stress is within the failure surface (no failure), while values of K ≥ 1 indicate failure. K ≡ IF
for the maximum stress theory [1].
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4. Results and discussion

All the graphs shown in Figs. 5–15 were obtained from a developed MATLAB code. Full lines
in the graphs are results of the analytical solution from the code, isolated points are results from
the FE solution taken from areas of each dome depicted in Figs. 3 and 4. The meridian curves of
the analyzed domes obtained from (20), (22) and (24)–(26) are shown in Fig. 5 (in all the cases
except that of the spherical shell, only the analyzed wide concave part of the curve is depicted
because in the real construction of the dome, there is always some kind of polar fitting which
should reach beyond the inflection point so the area between r0 and the inflection point is not
interesting for the presented type of analysis). The dimensionless wall thickness h/h0, see (18),
and the winding angle ω, see (17), related to the angle θ, see (19), can be noted in Figs. 6 and 7.

The normal and shear stresses, see (11) and (12), in the coordinate system (ψ, φ) were
normalized with respect to the meridian stress on the equator

σeq =
pR

2h0
(28)

and shown in Figs. 8–10. The strains in the meridian and circumferential directions (13) are
plotted in Figs. 11 and 12.

The normalized transversal and shear stresses (σT , τLT ) in the coordinate system (L, T ),
which are crucial in terms of the comparison of the analysed domes, can be seen in Fig. 13.
The longitudinal stress σL in the coordinate system (L, T ) was not evaluated since the strength
value in this direction (FLt) is higher than the transversal tension strength (FTt) and the shear
strength (FLT ).

The maximum stress and the Tsai-Wu failure index for the analyzed domes can be seen in
Figs. 14 and 15. A safety factor is not used in this case, because for the case of the Tsai-Wu
failure index of the shell with zero transversal stress, it has negative values close to zero and in
the area with θ around 30◦, it goes from negative to positive values, so for IF = 0, K = +∞.

Fig. 5. The meridian curves of the analyzed domes
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Fig. 6. The dimensionless wall thicknesses of the analyzed domes

Fig. 7. The winding angle of the analyzed domes

The thick red lines in Figs. 14 and 15 stand for IF = 1. Figs. 13–15 illustrate the critical areas
on the analyzed domes.

The spherical shell has low τLT values; hence, σT is responsible for the failure and it exhibits
a maximal value on the equator – the critical area is located where the thickness of the wall is the
smallest. Moreover, the figures that show IF serve to prove this fact, i.e., the maximal value of
IF is on the equator. The geodesic-isotensoid (GI) shell exhibited maximal τLT and σT values
around the inflection point area, as confirmed by the IF figures; hence, the critical area was
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Fig. 8. The normalized σψ stress in the coordinate system (ψ, φ) for the analyzed domes

Fig. 9. The normalized σφ stress in the coordinate system (ψ, φ) for the analyzed domes

located around the inflection point. The shell with εT = 0 exhibited a maximal σT value on the
equator and the maximal τLT was near to the polar hole. The maximal IF and the critical area
were around the inflection point for the value r0/R = 0.4 and the given material parameters.
The shell with σT = 0 exhibited a maximal τLT , IF and a critical area around the polar hole.

The shell with εT = εL has τLT = 0; hence, σT was responsible for the failure and exhibited
a maximum value on the equator – the critical area was located where the wall thickness was
the smallest. Moreover, the figures for IF confirmed this fact – the maximal IF value was on
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Fig. 10. The normalized shear stress τψφ in the coordinate system (ψ, φ) for the analyzed domes

Fig. 11. The strains εψ in the coordinate system (ψ, φ) for the analyzed domes

the equator.
Figs. 13–15 are useful in terms of the selection of the best shape for a given geometric

(r0/R = 0.4) and material configuration from the τLT and σT points of view. The τLT and σT
stresses were responsible for a potential leakage. From Fig. 14, it can be stated that the shell
with zero transversal strain (εT = 0) exhibited the lowest IF , followed by the shell with zero
transversal stress (σT = 0), the geodesic-isotensoid (GI) shell, the shell with identical strains
(εL = εT ) and finally, the spherical shell. From Fig. 15, it can be stated that the shell with zero
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Fig. 12. The strains εφ in the coordinate system (ψ, φ) for the analyzed domes

Fig. 13. The normalized transversal and shear stress in the local (material) coordinates for the analyzed
domes

transversal stress (σT = 0) exhibited the lowest IF , followed by the shell with zero transversal
strain (εT = 0), the geodesic-isotensoid (GI) shell, the shell with identical strains (εL = εT )
and finally, the spherical shell.

If the strength theory comprises the failure of fibers σL, the optimum choice is the geodesic-
isotensoid shell since the other shapes are not isotensoidal. The differences between the other
meridian shapes and the geodesic-isotensoid shape determine the advantages/disadvantages of
the dome. Thus, according to Fig. 5, in terms of r0/R = 0.4 and the given material parameters,
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Fig. 14. The maximum stress IF for the analyzed domes

Fig. 15. The Tsai-Wu IF for the analyzed domes

the shells with zero transversal stress (σT = 0) and strain (εT = 0) are approximately equally
advantageous, followed by the shell with identical strains (εL = εT ) and finally, the spherical
shell.
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5. Conclusions

The analytical and numerical analysis of five shells of revolution of double curvature manu-
factured by means of helical winding were conducted assuming a ratio of r0/R = 0.4. In the
case of a spherical shell, both the analytical and numerical results indicated that failure occurs
in the equator area where the wall thickness is the smallest. In the case of the other shells,
specially designed for filament winding technology, failure occurs in areas that are close to the
polar hole. The lowest IF (obtained by the Tsai-Wu theory) occurs in the case of the shell with
zero transversal stress (σT = 0), followed by the shell with zero transversal strain (εT = 0),
the geodesic-isotensoid (GI) shell, the shell with identical strains (εL = εT ) and finally, the
spherical shell. For the case of IF (obtained by the maximum stress theory), the order of shells
with σT = 0 and εT = 0 is switched. It was determined that the geodesic-isotensoid shell
provides the optimal solution where the failure criterion comprises the failure of the fibers. The
critical areas for various types of material (fiber, matrix) may lie at different locations on the
shell. Moreover, the meridian curves of the shells, which are functions of the elastic material
parameters (εT = 0, σT = 0 and εL = εT ), may exhibit different shapes.

An analysis was also conducted for the comparison of the analytical solution with the FEA.
The analytical computations were prepared using a MATLAB code, which allows both for the
rapid determination of the results and the simple changing of the input parameters (the material,
the polar hole and the equator radius, the thickness and the internal pressure). The FEA pro-
vided comparable results to those of the analytical solution, particularly for an angle θ between
90◦ to 40◦ (the difference amounted to 10 %). The areas defined with a lower angle θ were
affected by the closure of the polar hole and the discretization of areas with constant thickness
h. In these areas, the analytical solution also loses its validity (inflection points in some cases,
principal radii growing to infinity, theoretically infinite wall thickness, etc.). Moreover, in the
real construction of the dome there is always some kind of polar fitting that will reinforce these
problematic areas. Changing the input parameters in the FEA is more complicated and in cases,
where the shell is a function of the elastic material parameters, the computation of an analytical
solution is indispensable.

Future work will focus on multicriteria optimization of several dome parameters (failure
index according to a chosen strength criterion, depth of the dome, joint with the cylindrical part
of the vessel, etc.).
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