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Abstract

Understanding crack propagation in heterogeneous materials is crucial for predicting the reliability and durability
of structural components. In this study, we investigate the influence of material heterogeneity on mode III crack
growth using a phase-field model. The phase-field method offers a powerful computational framework for simu-
lating crack initiation, propagation, and branching without explicitly tracking the crack surface. By incorporating
material heterogeneity into the phase-field model, we aim to analyze how variations in material properties affect
the material’s strength and crack path behavior. The numerical simulations will explore complex interactions be-
tween cracks and microstructural features, providing insights into how heterogeneity influences fracture mechanics
at different length scales. Through this research, we seek to enhance the understanding of crack growth in realis-
tic materials and contribute to developing strategies for optimizing the performance and reliability of engineering
structures subjected to mechanical loading. In this study, we utilize the Weibull distribution function to generate
heterogeneous materials and calculate the crack propagation problem using the adaptive finite element method.
The adaptive mesh method provides precise results and can significantly reduce computation time.
© 2025 University of West Bohemia in Pilsen.
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1. Introduction

The study of crack propagation is a significant issue and a serious problem in the material indus-
try, construction, geophysics, mining, environmental sciences, oil and gas sectors. Particularly
in geophysics, mining, and oil and gas industries, investigating crack propagation in heteroge-
neous materials is a major concern for scientists and engineers. Given that the structure of nat-
ural materials is inherently heterogeneous [41], it becomes crucial to study this phenomenon,
starting with how material properties are randomly distributed and observing the behavior of
cracks in the material. Some studies on this phenomenon were initiated three decades ago. Sev-
eral well-established models have been used to study crack propagation, including the discreet
element method (DEM) [14,26], peridynamics [1,33], damage models [16,35], and phase-field
models [6, 32, 40, 45]. Meanwhile, among these mentioned models, two methods to generate
random material properties were introduced, such as the Gaussian random field and the Weibull
distribution function. Among these models and methods, the phase-field model and the Weibull
distribution function have attracted significant attention from researchers.
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One powerful type of crack propagation model is the phase-field model for crack propaga-
tion. This model offers several advantages, including its ability to easily detect crack paths
and extensions in 2D and 3D domains, its simplicity in modeling crack propagation with-
out requiring complex algorithms, and its capability to be readily extended to probe cracks
in multi-physics problems [3, 12, 23, 31]. Originally, the model was introduced by Bourdin
et al. [13] and Karma et al. [22] for brittle crack propagation. Then, the model has been ex-
tended to many applications, such as ductile crack propagation [9], crack propagation in vis-
coelasticity [4, 22, 23], crack propagation in rock-like materials [40, 45], crack propagation in
anti-plane displacement [3, 23, 37], crack propagation due to thermal effects [5, 7, 23, 31], fluid
pressure [2, 3, 21, 32], desiccation cracking [21, 30], and hydrogen embrittlement [15, 23, 31].
While several studies have demonstrated crack extension in heterogeneous materials using the
Weibull distribution function [32, 40, 43], most of them have treated mode I or mode I and II
fractures and not much regarding mode III behavior. Moreover, while the Weibull distribution
has been utilized to introduce randomness in material characteristics, its specific application
to prepare spatially inhomogeneous materials for mode III crack extension tasks is not much
discussed. In addition, the concept of a homogeneity index—as a scalar value derived from
the Weibull distribution parameters to quantify material randomness—has not been covered by
a systematic investigation. This study aims to fill these gaps by (i) generating heterogeneous
materials through the Weibull distribution function, (ii) introducing a homogeneity index to
quantify levels of randomness, and (iii) examining their effects on mode III crack propagation
through a phase-field method.

Based on the aforementioned statements, the objective of this study is to investigate how
variations in material properties affect the strength and crack path behavior of materials. Our
specific focus is on the behavior of mode III crack propagation in heterogeneous materials
generated by the Weibull distribution function, which we believe has not been explored to date.
Additionally, we calculate the phase-field model for crack propagation using FreeFEM++ [20].
This software is an open-source platform focused on solving partial differential equations using
the finite element method. The software offers convenience during the calculation of the phase-
field model for crack propagation, particularly using adaptive remeshing techniques [7, 17, 23].

The present paper is organized into four sections. The mathematical formulation is pre-
sented in Section 2, which is divided into three subsections. The first subsection introduces the
governing equation for modeling crack propagation and explains how to derive the crack prop-
agation equation. The second subsection discusses the generation of heterogeneous materials
using the Weibull distribution function. The third subsection details the computational setup
for the present study. In Section 3, the results and discussion related to the present study are
presented. The final section summarizes the findings and outlines future work for the study.

2. Mathematical formulation

2.1. Phase-field model for crack propagation

In the present study, we apply the phase-field model (PFM) for scalar anti-plane crack propaga-
tion (mode III crack propagation) in linear elasticity as proposed by Takaishi and Kimura [37].
Since we neglect the friction coefficient and density in the force balance equation, the model is
written as follows

−div
[
(1− z)2µ∇u

]
= 0 in Ω,

α
∂z

∂t
=

(
ε div (γ∇z)− γ

ε
z + µ|∇u|2(1− z)

)
+

in Ω,
(1)
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where u(x, t) = [0, 0, u3(x1, x2)]
T is the scalar anti-plane displacement. The variable z(x, t) ∈

(0, 1) is the damage variable, where z = 0 represents the uncracked area and z = 1 represents
the cracked area. The variables µ > 0 and γ > 0 are the Lame’s constant and the critical energy
release rate, respectively. The parameters α > 0 and ε > 0 represent small regularization
parameters for time and length, respectively. Furthermore, α can be referred to as the velocity-
dependent fracture energy [24]. In addition, ”div” and ∇ denote the divergence and gradient
operators, respectively. Equation (1)1 represents the force balance equation governing crack
propagation. Here, we neglect the external force f(x) for simplicity.

Equation (1)2 corresponds to the damage evolution equation, where the driving force for
crack propagation is given by the term µ|∇u|2. Since crack propagation is an irreversible
process, the damage evolution equation (1)2 includes the operator (·)+, defined as (a)+ =
max(a, 0), to ensure irreversibility.

Equation (1) is completed by the following boundary conditions:

u = g(x, t) on Γu
D,

∂u

∂n
= 0 on Γu

N ,
∂z

∂n
= 0 on Γ, (2)

where n is the outward unit normal vector on the boundary ∂Ω = Γ = Γu
D ∪ Γu

N . Γu
D and

Γu
N represent the Dirichlet and Neumann boundary conditions for displacement, respectively.

Equation (1) is supported by the following initial condition:

z
∣∣
t=0

= z∗(x) in Ω, u
∣∣
t=0

= u∗(x) in Ω (3)

with z∗ and u∗ as the initial crack and displacement, respectively.
The phase-field model for crack propagation, as shown in (1), is derived as a unidirectional

gradient flow of elastic Eel(u, z) and surface Es(z) energies

Eel(u, z) =
1

2

∫
Ω

(1− z)2µ|∇u|2 dx, (4)

Es(z) =
1

2

∫
Ω

[
γ

(
ε|∇z|2 + 1

ε
|z|2

)]
dx. (5)

Equations (4)–(5) are usually called Ambrosio-Tortorelli regularization [10]. In this study, we
do not present the derivation of (1) via gradient flow; readers can be referred to [23] for fur-
ther details. Alternatively, given the similarity between the damage evolution equation and the
Ginzburg-Landau equation, we can derive (1) using the microforce balance method (based on
the Gurtin’s concept) [19]. We will provide this derivation subsequently.

2.2. Derivation of PFM for fracture

Let us consider the Helmholtz free energy Ψ∗ and the (pseudo)energy dissipation Φ∗ within the
phase-field model (PFM) for scalar anti-plane crack propagation

Ψ∗ =
1

2
µz|∇z|2 +

1

2
γ

(
ε|∇z|2 + 1

ε
|z|2

)
, (6)

Φ∗ =
1

2
D∗ =

1

2
α|ż|2, (7)

where µz = (1 − z)2µ. Equation (6) can also be referred to as the sum of the elastic and sur-
face energy densities. Equation (7) is obtained using the energy dissipation identity, as clearly
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demonstrated in Theorem 2.3 of [5]. Alternatively, it can be obtained by the Clausius-Duhem
inequality, as shown in Appendix.

Following the established formalism, we derive the stress function and two internal micro-
scopic force functions as follows

P ∗ = µz∇u =
∂Ψ∗

∂∇u
+

∂Φ∗

∂∇u̇
= (1− z)2µ∇u, (8)

B∗ =
∂Ψ∗

∂z
+

∂Φ∗

∂ż
= −(1− z)µ|∇u|2 + γz

ε
+ αż, (9)

H∗ =
∂Ψ∗

∂∇z
+

∂Φ∗

∂∇ż
= γε∇z. (10)

From (8), the force balance equation for crack propagation under anti-plane displacement fol-
lows from the principle of momentum balance [5]

ϱ
∂2u

∂t2
= div(P ∗) + f(x, t) = div

[
(1− z)2µ∇u

]
+ f(x, t),

ϱ
∂2u

∂t2
− div

[
(1− z)2µ∇u

]
= f(x, t). (11)

Under quasi-static conditions and in the absence of external forces, equation (11) simplifies to

−div
[
(1− z)2µ∇u

]
= 0,

which matches equation (1)1, representing the static equilibrium condition of the system.
Meanwhile, the damage evolution equation is derived by substituting (9)–(10) into the mi-

croforce balance equation [5, 11, 25], with the micro inertia effect being neglected,

B∗ − divH∗ = 0,

αż = divH∗ − γ

ε
z + (1− z)2µ|∇u|2,

αż =
(
ε div (γ∇z)− γ

ε
z + (1− z)2µ|∇u|2

)
+
. (12)

Finally, we have fully derived (1) using the microforce balance model. Based on this method,
we ensure that the phase-field model for scalar anti-plane displacement crack propagation in (1)
is obviously thermodynamically consistent.

2.3. Weibull function distribution

In the present study, we investigate mode III crack propagation in a heterogeneous material.
Therefore, we address the generation of heterogeneous materials in this section. Generally,
there are two popular methods to generate heterogeneous materials in probability distribution
theory and statistics. The first method uses a Gaussian random field [34, 36], and the second
method involves using the Weibull distribution function [28,32,40,41]. In this study, we choose
the Weibull distribution function to generate heterogeneous materials.

Let us consider the probability density function of the Weibull distribution

f(xr) =
m

x0

(
xr

x0

)m−1

exp

[
−
(
xr

x0

)m]
, (13)
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Fig. 1. Parameter xr distribution profiles for different homogeneity indices m in a 2D domain

where xr > 0 denotes the random physical property parameter of the material element at the
mesoscale, x0 > 0 represents the statistical average of these physical property parameters.
The parameter m > 0 is referred to as the homogeneity index of the material. Originally,
equation (13) is the derivative of the cumulative distribution function (CDF) of the Weibull
distribution given in (14) with respect to xr

F (xr) = 1− exp

[
−
(
xr

x0

)m]
. (14)

As a remark, if the parameter m is higher, it indicates that the physical parameter of the material
tends to be more homogeneous, and its value approaches x0. To clarify the influence of different
m values on the parameter homogenization index, refer to Figs. 1 and 2.

Since we are dealing with heterogeneous materials, we randomly distribute the physical
parameters µ and γ. Therefore, for convenience, we define them as µ = µ0xr and γ = γ0xr

to incorporate random distribution, where µ0 = Ey/[2(1 + νp)] and γ0 are positive parameters
related to the Lame’s constant and the energy release rate parameter, respectively. We do not
configure the physical properties of heterogeneously distributed materials as done in [27, 39].
Nevertheless, this is also an interesting topic for future work as an extension of this study.

Fig. 2. Profile of f(xr) for different m
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2.4. Computational setup

Herein, we explain the details of the computational setting. Firstly, we start by constructing the
time discretization for (1). Let us consider a constant time increment ∆t > 0 and denote the
approximate solutions of u and z at time t = k∆t (k = 1, 2, . . .) by uk and zk, respectively.
Considering this and the semi-implicit time discretization scheme [6,37], we have the following
time discretization scheme:

0 = div
[(
1− z(k−1)

)2
µ∇uk

]
,

α
z̃k − z(k−1)

∆t
= ε div

(
γ∇z̃k

)
− γ

ε
z̃k + µ

∣∣∇u(k−1)
∣∣2 (1− z̃k

)
, (15)

zk = max
(
z̃k, z(k−1)

)
,

where (15)3 represents the irreversible condition (·)+ in equation (1)2.
Equations (15) are calculated using the adaptive finite element method. This is a variant of

the finite element method that involves remeshing the triangles at each time step. Herein, we
remesh the triangles at each time step based on the damage variable z. The detailed algorithm
for the adaptive finite element method is shown in Algorithm 1. The code is written in FreeFEM
[20] and run on a MacBook Pro with an Apple M2 chip and 24GB of memory. Meanwhile,
ParaView is used as the visualization tool. As a remark, since the small regularization parameter
for length ε should be chosen as small as possible, the mesh size hmin must be set smaller than
ε or hmin ≤ ε/4 [12]. Consequently, the computational time becomes significant. Therefore,
this is our strong reason for choosing the adaptive finite element method in the computational
calculation step, as it can significantly decrease the computational time [4, 17].

The finite element scheme does employ quadratic elements so accuracy is higher, especially
when steep gradients are captured near the crack tip that is necessary in fracture phase-field
modeling. The resulting linear systems are solved via the LU decomposition method. This
method provides a direct factorization of the system matrix into lower and upper triangular
matrices, enabling an exact solution in a finite number of steps. It is numerically stable and
efficient for problems of moderate size, where computational resources are sufficient to handle
the full matrix storage and operations without excessive cost.

Algorithm 1. Adaptive meshing for phase field fracture simulations

Set: T 0
h an initial mesh;

Set: Initial conditions for z;
Loop

1: for k = 1, · · · , T/τ ; do
2: Set T k

h = T k−1
h ;

3: Compute solution of (uk, zk) from (15) on mesh T k
h ;

4: Set indicator v← based on zk;
5: Refine mesh:
6: Construct T k

h ← adaptmesh(T k
h , v, hmin = 1e− 5, hmax = 0.025, nbvx = 1e7);

7: if Refinement is sufficient; then
8: Break;
9: end if

10: end for

6
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Table 1. List of non-dimensional parameters

Physical properties µ0 γ0 α ε x0 ∆t k

Value 19.4a 0.50 1.0 0.01b 1.25c 0.1 500.0
a We obtain it from the Young’s modulus Ey and the Poisson ratio νp by µ0 =

Ey

2(1+νp)
.

b Since we choose ε = 0.01, hmin is set to 1× 10−5.
c The parameter is set for Example I, while x0 is set to 1 for Example II.

The present study uses non-dimensional parameters for simplicity. Therefore, equation (15)
should be transformed into non-dimensional form. Herein, we do not detail the transformation
process. However, readers can find this information in [5]. For convenience, we list the physical
and computational parameters in Table 1.

We investigate crack propagation due to tearing mode (mode III) in the 2D square domain
Ω = (−1,−1) × (1, 1). Herein, the domain includes the horizontal initial crack z∗ = ζ0(x1 +
0.2, x2), where the function ζ0 is clearly defined in [23]. Additionally, the domain is loaded by
displacement u = ±gt on Γu

±D with Γu
±D = Γ ∩ {x2 = ±1}. For a detailed illustration of the

domain, see Fig. 3.

Fig. 3. The domain illustration including the initial crack. The red line represents the initial crack z∗(x),
and the given displacement is set to g = 0.01

3. Results and discussion

3.1. Results

We considered two experiments to observe the effect of material heterogeneity on the strength
and crack path behavior of materials in the present study.

3.1.1. Example I: Effect of homogeneity index m

We vary the homogeneity index m as 1.25, 2.0, 3.0, 7.0, 10.0, and 40.0, with the number
of material elements set to 54 668 in this example. The influence of the homogeneity index
significantly affects the crack pattern and material strength, as depicted in Figs. 4 and 5a. From
Fig. 4, it is evident that the crack path exhibits kinking, deflecting, and branching in materials
with m values of 1.25, 2.0, 3.0, and 7.0. In materials with m = 10.0, only a kinked crack
path is observed, while a straight crack path emerges in materials with m = 40. Additionally,
another interesting observation in Fig. 4 is that the greater the value of m, the larger the crack
area. This is seen from the widening red gradient around the crack area. This is also confirmed
in Fig. 5b, which shows that larger crack surface areas occur in materials with large m values.
The thickening or expansion of the crack area in the material with m = 40 can be understood
because the critical energy release rate γ is very small in all areas of the material, causing the
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Fig. 4. Crack propagation profiles for different m at final time t = 50

crack to diffuse quickly. As a remark, in Fig. 4, the red and blue colors represent cracked and
uncracked areas, respectively.

In Fig. 5a, it is evident that the homogeneity index m significantly impacts material strength.
A material with a smaller m tends to break or crack easily, whereas a larger m tends to be
sturdier. This can be observed through the elastic energy maxima for each m. The highest
elastic energy maxima correspond to m = 40.0, 10.0, 7.0, 3.0, 2.0, and 1.25, respectively,
indicating that higher m values result in stronger materials.

3.1.2. Example II: Heterogeneous influence on a material having interfaces

In this example, we consider the heterogeneous random physical properties with x0 = 1 and
m = 4.0 of the interface material and investigate their effect on crack propagation behavior.
The number of random material elements is similar to Example I. Here, we consider two cases:
In the first case, the interface spacing is set to δ = 0.2, while the angle of the interface direction

(a) (b)

Fig. 5. (a) Elastic energy and (b) crack surface area profiles for different m during crack propagation
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Fig. 6. (a) The domain illustration for Example II: Illustration of profile distribution of xr in a two-
dimensional domain that has diagonal interfaces (the dark area), (b)–(c) represent the first case, and
(d)–(e) represent the second case

θ is varied as π/2, π/3, π/4, and π/6; in the second case, the interface angle is set to θ = π/4,
while the interface spacing δ is varied as 0.2, 0.275, 0.325, and 0.375. For simplicity, we
provide the illustration in Fig. 6. It is important to note that the interface area is designated
as the weakest area in the domain, and the physical properties in the interface area are set
randomly. We consider the interface region the weakest area because it typically has very low
bonding strength. This region is also often referred to as the crack zone. To see the influence of
heterogeneous properties on the interface material, we compare the results of each variation of
width δ and angle θ on a heterogeneous material with those on a homogeneous material.

Fig. 7 shows the crack profile for different interface directions θ in heterogeneous and ho-
mogeneous materials. Herein, it is shown that the influence of heterogeneity in the interface
material is very significant in changing the crack path, except in the material with an interface
angle of π/6, see Fig. 7a. At the interface angles π/2, π/3, and π/4, the cracks in the domain do
not grow along the interface cracks. However, if the π/6 angle is used, the crack in the domain
is deflected and then grows along the interface, behaving the same as cracks in homogeneous
materials. This indicates that the heterogeneity effect has no impact on materials with interface
angles less than or equal to π/6.

For the second case, the result is shown in Fig. 8. It shows that heterogeneity effects only
occur at interface materials with δ = 0.2 and 0.275. This is evidenced by the crack profiles,
which are clearly different from those in homogeneous materials. Meanwhile, the heterogeneity
effect does not apply to interface materials with δ = 0.325 and 0.375; both crack profiles are the
same as those of homogeneous materials, which are deflected and then grow along the interface.

3.2. Discussion

In the present study, we investigated crack propagation due to mode III in random heterogeneous
materials. The differences in crack behavior observed in Example I were attributed to variations
in the m values. If we use a small value of m, the minimum value of the random physical

9
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(a)

(b)

Fig. 7. Crack propagation snapshots for different angles θ: π/2, π/3, π/4, and π/6 (from left to right) in
(a) heterogeneous and (b) homogeneous materials at final time t = 50. The red and blue colors represent
cracked and uncracked areas, respectively, while the others indicate broken areas

property parameter becomes smaller and the maximum value becomes larger (see Table 2). This
results in a very wide range of random physical property parameters, see Fig. 2. Consequently,
at some points, the material will have small physical property values, while at other points,
it will have large values. As a result, cracks will easily propagate through areas with small

(a)

(b)

Fig. 8. Crack propagation snapshots for different widths δ: 0.2, 0.275, 0.325, and 0.375 (from left to
right) in (a) heterogeneous and (b) homogeneous materials at final time t = 50. The red and blue colors
represent cracked and uncracked areas, respectively, while the others indicate broken areas

10
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Table 2. Maximum and minimum xr for different m and x0 = 1.25

Homogeneity index m
Random parameters xr

Max Min Mean
1.25 9.029 93 0.000 194 3 1.159 6
2.00 4.301 74 0.005 207 8 1.104 91
3.00 2.849 26 0.032 364 9 1.114 28
7.00 1.779 35 0.261 118 1.168 44
10.0 1.600 5 0.417 695 1.188 58
40.0 1.329 68 0.950 38 1.232 56

physical property values. This is what happens at m = 1.25, 2.0, 3.0, 7.0. Branching cracks
occur at several points because the physical properties are small at those points. However, the
branch cracks do not grow larger because they encounter areas with large physical properties
[18, 42, 45]. As a note, the value of m can be associated with specific rock materials based
on experimental data. Different rock types exhibit varying values of this parameter due to
differences in microstructure, grain size, porosity, and crack density [29].

Another implication of a small m value is that the material is easily damaged, as shown in
Fig. 5. These results are consistent with previous studies that investigated the effect of the m
value on material strength [28, 38, 44]. Meanwhile, in Example II, the influence of heterogene-
ity is also a strong reason why crack behavior in heterogeneous materials differs from that in
homogeneous materials, even when considering the interface within the material. Especially for
θ = π/6 in the first case and δ = 0.325 and 0.375 in the second case, the phenomenon of cracks
being deflected and then growing along the interface occurs because it allows for generating
low elastic energy (see Fig. 9) [8]. One of the major advantages of using the phase-field model
for crack propagation studies is the automation of crack path selection based on minimizing the
elastic energy, which is implicitly included in the phase-field model [23].

(a) (b)

Fig. 9. Elastic energy profile for (a) different θ and (b) different δ during crack growth

4. Conclusions

The study of mode III crack propagation behavior, influenced by material heterogeneity using
the phase-field model, has been conducted effectively. This research involved utilizing the
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Weibull distribution function to generate heterogeneous materials. Meanwhile, the current study
opts for the adaptive finite element method to solve the crack propagation equation.
1. The homogeneity index influences crack propagation behavior. In mode III cracks, materi-

als with a small homogeneity index will produce a branched, tangled, and deflected crack
propagation pattern, while materials with a large homogeneity index will produce straight
cracks.

2. Material strength is influenced by the homogeneity index. The smaller the homogeneity
index value, the weaker the material. Conversely, materials with a large homogeneity index
value are stronger.

3. The effect of heterogeneity on crack propagation behavior in a material with an interface is
insignificant at small angles and large distances between interfaces.
Although this research has effectively explained mode III crack propagation in heteroge-

neous materials, several interesting points remain regarding the future development and appli-
cation of this research. The first key point is the setting of the small regularization parameter
for length ε with respect to the Young’s modulus, energy release rate, and tensile strength [31].
In the present study, we did not consider these parameters for simplicity. Therefore, we plan to
address them in future research.

The second point is the application of the Weibull distribution function to generate hetero-
geneous physical properties in rock-like materials and porous media. This approach will be of
interest for studying crack propagation due to mixed modes, hydraulic fracturing, and desic-
cation cracking in rock-like materials and porous media. We will address these issues in our
future research by combining them with the Weibull distribution function.
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Appendix

In this section, we demonstrate the energy dissipation equality of the phase-field model for
crack propagation using the Clausius-Duhem inequality. We consider the second law of ther-
modynamics, represented by the Clausius-Duhem inequality, for the original phase-field model
for crack propagation as described in [5]

D∗ = σz[u] : e[u̇] +B∗ż +H∗ · ∇ż − Ψ̇∗ ≥ 0. (16)

Here, σz = (1− z)2C e[u] represents the modified stress tensor, e[u̇] denotes the partial deriva-
tive of the strain tensor e[u] with respect to time, while the term

Ψ̇∗ =
d

dt

[
1

2
σz[u] : e[u] +

1

2
γ

(
ε|∇z|2 + |z|

2

ε

)]
is the Helmholtz free energy of the original phase-field model for crack propagation. Since
we are applying crack propagation in anti-plane displacement, the Clausius-Duhem inequality
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in (16) becomes

D∗ = (1− z)2µ∇u · ∇u̇+B∗ż +H∗ · ∇ż

− d

dt

[
1

2
(1− z)2µ|∇u|2 − 1

2
γ

(
ε|∇z|2 + |z|

2

ε

)]
≥ 0. (17)

Since (9)–(10) are substituted into (17), we obtain the following energy dissipation:

D∗ = α|ż|2 ≥ 0. (18)

This result is consistent with (7).
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