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Abstract

Detached eddy simulation (DES), delayed DES (DDES) and improved DDES (IDDES) hybrid RANS-LES turbu-
lence models based on the Menter’s Shear Stress Transport (SST) model as well as the DES variant of the Kok’s
Turbulent/Non-Turbulent model (TNT), Extra-Large Eddy Simulation (X-LES), and its newly proposed delayed
and improved delayed variants (DX-LES and IDX-LES) along with the base RANS methods are compared in this
paper. The comparison is made on a flow around tandem cylinders, on which mainly hybrid methods based on the
one-equation Spalart-Almaras model were previously tested. The proposed models show DDES and IDDES with
a different approach from the SST-based two-equation methods, which potentially improves the results and, in the
case of the TNT-based DDES variant, only the blending function is dependent of the distance from the wall.
© 2024 University of West Bohemia.
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1. Introduction

Resolving turbulent flow in CFD plays an important role in engineering, but comes with a num-
ber of challenges. For example, neither of two of the most common approaches is without
flaws: The approaches based solely on the Reynolds-averaged Navier-Stokes (RANS) equa-
tions, while usually being one of the less computationally expensive methods, do not resolve a
satisfying range of turbulent length scales for all applications, while the large eddy simulation
(LES) resolves wider range of turbulent length scales, but at the cost of increased computa-
tional demands. This is one of the main reasons why hybrid RANS-LES methods have been
used more and more frequently in recent years.

Detached eddy simulation (DES), as first formulated by Spalart et al. in [21], is probably
the most basic hybrid RANS-LES method, but its binary switching between the two modes
can become problematic. It can lead to effects such as the so-called grid induced separation,
which can happen when LES mode is employed in regions close to walls where RANS mode
should have been used, as demonstrated by Menter et al. in 2003 [16]. Since then, a delayed
variants of DES (DDES) have been developed, introducing a blending function to smooth the
transition and prevent problematic switching to LES mode. This approach was also combined
with wall-modeled LES (WMLES) to formulate improved DDES (IDDES).

In this paper, the 2003 version of the Menter’s Shear Stress Transport (SST) [16] and Kok’s
Turbulent/Non-Turbulent (TNT) [9] two-equation models are used as the base RANS methods.
For the SST model, its DES formulation by Spalart [22] is chosen, while the DDES and IDDES
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variants are the ones formulated by Gritskevich et al. in [3]. As for the TNT model, only
the DES variant was published—the Extra-Large Eddy Simulation method by Kok et al. [10].
The article by Fracassi et al. [1] from 2022 described a delayed version of the original X-LES
model, but not without replacing its TNT base RANS method by SST. To stay consistent with
the original X-LES version as well as to compare different base RANS methods, the delayed
and improved delayed variants of the X-LES model (DX-LES and IDX-LES) newly presented
here are all TNT-based.

The chosen test for the comparison of the RANS and hybrid RANS-LES methods is a flow
around tandem cylinders proposed by NASA to study aircraft landing gears [6, 7], specifically
with two cylinder centres spaced 3.7D apart, where D is the diameter of the cylinders. This
test case is characterized by the Reynolds number of 166 000 (with D being the characteristic
length). In these conditions, the first cylinder causes a continuous vortex shedding, creating
a vortex street that is passed onto the second cylinder, where the separated boundary layer
reattaches and then separates again and forms another vortex street. This test case was used
as a benchmark before in [12] (where mainly hybrid methods based on the Spalart-Almaras
one-equation model were tested), EU-project ATAAC [18], for spectral difference method [2],
noise investigations and aeroacustic simulations [8,11,13,14,24] and also in [15] for Reynolds
stress modeling.

2. Mathematical model

Since the considered fluid in the described test case is air, we assume that it behaves according
to the thermodynamic model of an ideal gas. Using the Reynolds analogy for the Fourier’s
law of heat conduction, neglecting the effects of gravity and applying the Reynolds and Favre
averaging on the Navier-Stokes equations, the fluid flow is described by the following RANS
equations:

∂ϱ

∂t
+ div (ϱu) = 0 , (1)

∂(ϱu)

∂t
+ div [(ϱu)⊗ u] = div σ + div τ − grad p , (2)

∂(ϱE)

∂t
+ div (ϱuH) = div (τu) + div

(cp µL

Pr
gradT

)
+ div

[
σu+

(
µL +

µT

σk

)
grad k +

cp µT

PrT
gradT

]
, (3)

where ϱ is the fluid density, t denotes the time, u represents the vector of fluid velocity, p is the
pressure, E is the specific total energy, H = E + p/ϱ is the specific enthalpy, T denotes the
fluid temperature, cp is the heat capacity at constant pressure, Pr and PrT represent the Prandtl
number and its turbulent counterpart, µL and µT are the dynamic laminar and eddy viscosity,
respectively, σk represents a coefficient given by a turbulence model, k denotes the turbulence
kinetic energy, σ is the viscous stress tensor approximated (assuming that S is the strain tensor
and I is the identity matrix) as

σ ≈ 2µL

[
S − 1

3
div(u)I

]
, (4)

and τ denotes the Reynolds stress tensor, approximated, similarly to σ, by the Boussinesq
approximation.
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The system (1)–(3) is closed by the equation of state

p = (γ − 1)

[
ϱE − 1

2
ϱ
(
u2
1 + u2

2 + u2
3

)]
(5)

and one of the above described turbulence models, all being two-equation k-ω models, where
ω is the specific turbulence dissipation rate. The equations of methods based on the 2003 SST
model [16] are as follows:

∂(ϱk)

∂t
+ div (ϱku) = div [(µL + σkµT ) grad k] + P − ϱk

√
k

LT

, (6)

∂(ϱω)

∂t
+ div (ϱωu) = div [(µL + σωµT ) gradω] +

Cωϱ

µT

P − βϱω2 + (1− F1)CD, (7)

where LT is the model length scale (which is the term that determines whether the method is
RANS, DES, DDES or IDDES), P denotes the limited production and CD denotes the cross-
diffusion, both described in [16], and any model constant ϕ for the SST model is computed as
ϕ = F1ϕ

(1) + (1− F1)ϕ
(2) by using

σ
(1)
k = 0.85,

σ
(2)
k = 1,

σ(1)
ω = 0.5,

σ(2)
ω = 0.856,

β(1) = 0.075,

β(2) = 0.082 8,

C(1)
ω = 0.553,

C(2)
ω = 0.44.

(8)

Using the function F2 from [16], we can define the eddy viscosity for the SST-based models as

µ(SST)
T =

a1ϱk

max (a1ω, F2S)
, a1 = 0.31. (9)

To define the model length scale LT , the RANS and LES lengths need to be defined first

lRANS =

√
k

β∗ω
, lLES = CDES∆, l̂LES = CDES∆̂, (10)

with β∗ = 0.09, ∆ is the the maximum length of the cell’s edges and CDES is a coefficient
calculated for the SST-based models as other model constants of this method using, similarly to
(8), C(1)

DES = 0.78 and C
(2)
DES = 0.61, as described in [22], and ∆̂ is the modification of ∆ for the

improved delayed models utilizing the distance from the nearest wall dw

∆̂ = min [Cw max (dw,∆) ,∆] , Cw = 0.15. (11)

As briefly mentioned in the previous section, DES methods are known to inadvertently
switch to LES mode in regions with small computational cells close to the wall, causing the so-
called modeled stress depletion [20], which can potentially lead to premature boundary layer
separation, called grid-induced separation [16]. To solve these problems, the DDES model
introduces the DDES blending function fd, ensuring a better and smoother transition between
the two modes, defined by Gritskevich et al. [3] as

fd = 1− tanh
[
(Cd1rd)

Cd2

]
, (12)

where Cd1 = 20, Cd2 = 3, and

rd =

1
ϱ
(µT + µL)

κ2d2w
√

0.5 (S2 + Ω2)
, κ = 0.41, (13)
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with S being the norm of the strain tensor and Ω the norm of the vorticity tensor.
The IDDES approach introduces WMLES techniques into the DDES formulation, allowing

for rapid transition from RANS to LES if the WMLES empirical blending function fb has large
enough value. According to the description by Gritskevich et al. [3], the IDDES blending
function f̃ and the function fb are defined as

f̃d =max (1− fdT , fb) , fdT =1− tanh
[
(Cd1rdT )

Cd2

]
,

fb=min [2 exp (−9α2) , 1.0] , α=0.25− dw
∆

,
(14)

where the coefficients κ, Cd1 and Cd2 are identical to the ones from (12) and (13) for the DDES
model. The function rd from (13) is now replaced by functions rdT and rdL, both of which can
be described by the following formula, with fT and fL being defined similarly:

rdT/L =

1
ϱ
µT/L

κ2d2w
√

0.5 (S2 + Ω2)
, fT/L = tanh

[(
C2

T/LrdT/L
)ξT/L

]
, CT = 1.87, CL = 5.0,

(15)
where ξT = 3 and ξL = 10. While only rdT is needed to define the blending function f̃d from
(14)1, rdL as well as fT and fL are required by the elevating function fe, which can be written
as

fe = fe2max (fe1 − 1, 0) , fe2 = 1.0−max (fT , fL) , (16)

where

fe1 =

{
2 exp (−11.09α2) if α ≥ 0,

2 exp (−9α2) if α < 0.
(17)

The purpose of the function fe is to solve the problem of the so-called log-layer mismatch,
a deviation of the modeled wall-shear stress of WMLES methods by approximately 15 %, as
described by Nikitin at al. in [17]. Gritskevich et al. also described in [3] a simplified version
of the IDDES model without the elevating function (essentially setting fe = 0). This version
can be justified, as in this formulation both full and simplified variants give results similarly
close to the experimental data, as also confirmed by [3]. However, the results presented here
are utilizing the full version, with the elevating function described in (16).

Finally, using the described RANS and LES scales as well as the blending functions, the
model length scales LT of SST, SST-DES, SST-DDES and SST-IDDES methods are defined in
Table 1, completing the description of these methods.

Table 1. Model length scales LT for different methods

Switching Model length scale Base model

RANS only LT = lRANS SST (6)–(7) TNT (18)–(19)
Binary RANS-LES LT = min(lRANS, lLES) DES X-LES
Delayed LT = lRANS − fd max(0, lRANS − lLES) DDES DX-LES
Improved delayed LT = f̃d(1 + fe)lRANS + (1− f̃d)l̂LES IDDES IDX-LES
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For the methods based on the Kok’s TNT method [9], the model equations can be written as

∂(ϱk)

∂t
+ div (ϱ ku) = div [(µL + σkµT ) grad k] + Pk − ϱk

√
k

LT

, (18)

∂(ϱω)

∂t
+ div (ϱωu) = div [(µL + σωµT ) gradω] + Pω − βϱω2 + CD, (19)

where LT is defined the same way, although with a different value of CDES = 5/9 for the TNT-
based models, as in the case of the SST-based methods (RANS length scale corresponds to the
TNT RANS model, DES scale to the X-LES method, DDES scale to DX-LES and the IDDES
length scale to the IDX-LES model), as described in Table 1, Pk is the production of k, which
is in this case limited by the Wallin’s modification [23] to prevent unnaturally large growth of
turbulent values

Pk = min

P̃k, ϱk

√
P̃k

µT

 , P̃k =
∑
i,j

τij
∂uj

∂xi

, (20)

the production term Pω is given by
Pω =

αωω

k
Pk (21)

and CD denotes the cross-diffusion term described in [9]. It is also worth noting that the TNT-
based XLES method is, unlike the SST-based models and many others including the original
DES model [21] based on the one-equation Spalart-Almaras model [19], independent of the
distance from the nearest wall, so for the DX-LES only the blending function depends on this
parameter. Finally, the eddy viscosity for the TNT-based methods is defined using LT as

µ(TNT)
T = β∗ϱ

√
kLT . (22)

3. Numerical methods

The computations are done by in-house parallel CFD software Orion. It uses implicit formula-
tion of the finite volume method to solve the RANS equations (1)–(3) separately from the two
equations of the given turbulence model. If left and right sides of the equations are respected,
both systems can be written as

∂W

∂t
+ divFC (W ) = divFD (W ) +Q (W ) , (23)

where W is the vector of conservative variables (of five or two components, depending on the
system), FC are the convective fluxes, FD denotes the diffusive fluxes and Q is the source term.

For the spatial discretization, the HLLC scheme is utilized for (1)–(3). The results of this
scheme can be further improved for lower fluid velocities by using the modification of the HLLC
scheme by Holman [4] and less dissipative scheme for LES regions. Least square reconstruction
with the Barth-Jesperson limiter is used for calculation of all convective fluxes. The derivatives
required by the implicit scheme are resolved analytically, but only in the two neighbor cells of
the cell face where the flux is computed, while Jacobians in wider surroundings are discarded.
As for the diffusive fluxes, gradients are resolved by using values at points of ”diamond cell”
around the given cell face, while the least square method for the values in mesh nodes is utilized.

The time discretization is done by using the second-order backward differentiation formula
(BDF2). Dual time-stepping is also used by utilizing the first-order BDF. Additionally, local
time stepping is used for the iterative process in dual time. The resulting linear system in each
time step is then resolved by the generalized minimal residual method.
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(a) Whole grid (b) Detail

Fig. 1. Computational mesh used for the tandem cylinder problem

4. Problem description

As mentioned above, the solved test case is given by two identical cylinders in a row, with
D = 0.057 15m being their diameter, while their centres are 3.7D away from each other. The
free stream velocity is 44m s−1. As in [15], the prescribed inlet turbulence intensity is 4 %.

As the computational domain is symmetrical in the direction of the cylinder axes, the com-
putational grid is composed of 30 layers (60 layers were also tested and no significant differ-
ences in results were found), each with the same structure and thickness of 0.025D. One layer
of this grid is depicted in Fig. 1, consisting of 17 725 cells. The chosen resolution is relatively
rough, but the LES regions still comfortably satisfy the condition that more than 80 % of the
turbulent kinetic energy is resolved, even though this is not a strict or necessarily always suffi-
cient rule. The cells adjacent to the cylinders (no-slip walls, with zero velocity at their surface)
also satisfy the condition for the dimensionless wall distance y+ < 1. The inlet boundary is on
the left side, the outlet is on the right side and the boundary condition chosen for the top and
bottom of the domain is symmetry.

5. Results

The computed results of vortex shedding on the described tandem cylinders can be visualized by
Mach number in the central horizontal cross-section, shown in Fig. 2, which also demonstrates
some differences between the delayed hybrid models based on SST and TNT.

The hybrid methods also switched differently between RANS and LES modes. The values
of the switches averaged over time are shown in Fig. 3. The basic DES and X-LES methods
switched significantly more into LES mode in this test, while SST-DDES and SST-IDDES
used LES mode slightly less. The DX-LES and especially IDX-LES switched into LES mode
significantly less, but still retaining the regions with detached eddies in LES mode.

All the used methods can be compared with experimental data from [6, 7]. One of the
quantities that can be compared are the pressure coefficients averaged over time shown in Fig. 4
for the front cylinder and Fig. 5 for the rear cylinder, which expands upon the results published
in [5]. The results on the front cylinder show relatively good agreement with the experimental
data, while the SST-based methods being slightly closer, with the notable exception of the
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L. Hájek et al. / Applied and Computational Mechanics 18 (2024) 149–162

(a) SST-DDES (b) DX-LES

Fig. 2. Mach number calculated by different delayed hybrid models; similar phases are shown

IDDES model. The more important results, however, are on the rear cylinder. The data shows
that the SST-IDDES model was significantly closer to the experimental measurements than
the other SST-based methods, while the TNT-based models were closer overall, with DX-LES
mostly closely matching the experimental data. It is also worth noting that some oscillations

(a) SST-DES (b) X-LES

(c) SST-DDES (d) DX-LES

(e) SST-IDDES (f) IDX-LES

Fig. 3. Time-averaged RANS-LES switching of different hybrid methods – value of 0 indicates RANS-
only mode, while 1 means full LES mode
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(a) SST-based

(b) TNT-based

Fig. 4. Time-averaged calculated pressure coefficients on the front cylinder; the front of the cylinder is
at θ = 0◦, experimental data taken from [6, 7]

in the computed data are present in the area on the rear cylinder after the separation occurs,
where the pressure coefficient is expected to be constant. These oscillations are more apparent
in the results of the hybrid models, for which the flow is more dominated by fluctuations. This
is especially the case on the rear cylinder, where the shedding frequency is different than on
the front cylinder, and where the base RANS models are closer to the experimental data, as the
oscillations in their evaluations are smaller. However, these deviations might be caused not only
by the used methods, but also by the sampling frequency of the data used for averaging.

Another available experimental data are the averaged longitudinal fluid velocities in the
middle of the domain (on the axis intersecting the centers of both cylinders), shown in Fig. 6.
The computed data show a mismatch with the measurements from [7] in the area between the
two cylinders, but correspond better to the measurements from [6] behind the second cylinder.
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(a) SST-based

(b) TNT-based

Fig. 5. Time-averaged calculated pressure coefficients on the rear cylinder; the front of the cylinder is at
θ = 0◦, experimental data taken from [6, 7]

While from the SST-based methods only IDDES matches the experiment accurately in this
region (except in the area right next to the cylinder), other of these methods correspond less
to the experiment. The situation is different for the TNT-based models, for which only the X-
LES model severly underpredicts the fluid velocity, while others show good agreement with the
measurements, especially the DX-LES and IDX-LES models.

The last comparison with the experimental data are the computed values of the Strouhal
number. The evaluation of the computed data for this value was done in a point exactly in the
middle between the cylinders where the frequency of periodic pressure changes was studied.
The results are shown in Table 2. Unfortunately, only one value of the Strouhal number was
available from the experiments. The data show that the closest method to the measurements
was the DX-LES model, followed by SST-IDDES.
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(a) SST-based

(b) TNT-based

Fig. 6. Averaged longitudinal fluid velocities on the x-axis intersecting the centers of both cylinders for
different x coordinates (x = 0 corresponds to the center of the first cylinder); coordinates are scaled
proportionally to the cylinder diameter D and velocities in the direction of the x-axis to the free stream
velocity 44m s−1; the experimental data are from [6, 7]

Finally, vorticity contours for different models are shown. The results obtained by the TNT
RANS method can be seen in Fig. 7. It is apparent by the symmetry in the direction parallel
to the cylinder axes that the RANS method is, unlike the RANS-LES hybrid models, unable to
capture the fluctuations properly. The results for the delayed variants (from the same time as in
Fig. 2) are shown in Fig. 8. Although the hybrid methods show much less regular structures, it
is worth noting that the computational meshes used are quite coarse, and the HLLC scheme is
dissipative. As a result, the isosurfaces are not as rich as in the case of some of the cited sources
(e.g., [15]).
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Table 2. The values of the Strouhal number obtained by the turbulence models and by the experimental
measurements from [6]

Method Strouhal number

Experiment 0.24100
SST 0.22831
TNT 0.22816
SST-DES 0.21698
SST-DDES 0.22098
SST-IDDES 0.24742
X-LES 0.23028
DX-LES 0.23583
IDX-LES 0.22032

6. Conclusions

The described RANS and RANS-LES hybrid methods were compared on the tandem cylinder
test case. The hybrid methods show improvement over the base RANS models in most of the
data shown, especially the variants with non-binary switching.

The newly proposed DX-LES and IDX-LES show promise as their results for vortex shed-
ding with reattachment and another detachment of the boundary layer are in good agreement
with the experimental data, especially in the case of the DX-LES model, which is very close to
the experimental data in most of the presented comparisons and outperforming other methods
including its SST-counterpart. Moreover, in the DX-LES method, only the blending function is
dependent on the distance from the nearest wall.

In the future, more tests should be done with these methods and the oscillations on the back
of the cylinder should be further investigated. Also, another possible way of improving the
newly introduced methods might be calibration of their model constants, although the models
did not seem to need it in the tests carried out in this paper.

Fig. 7. Vorticity contours colored by computed velocities obtained by the TNT RANS model
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(a) SST-DDES

(b) DX-LES

Fig. 8. Contours of vorticity colored by calculated Mach number obtained by the delayed DES models
at similar phases
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[5] Hájek, L., Karel, J., Klı́ma, M., Trdlička, D., Resolving flow around tandem cylinders with RANS-
LES hybrid methods, Proceedings of the conference Computational Mechanics 2023, Srnı́, 2023,
pp. 59–62.

[6] Jenkins, L., Khorrami, M., Choudhari, M., McGinley, C., Characterization of unsteady flow struc-
tures around tandem cylinders for component interaction studies in airframe noise, Proceedings
of the 11th AIAA/CEAS Aeroacoustics Conference, Monterey, 2005, pp. 1–18.
https://doi.org/10.2514/6.2005-2812

[7] Jenkins, L., Neuhart, D., McGinley, C., Khorrami, M., Choudhari, M., Measurements of unsteady
wake interference between tandem cylinders, Proceedings of the 36th AIAA Fluid Dynamics Con-
ference and Exhibit, San Francisco, 2006, pp. 1–18. https://doi.org/10.2514/6.2006-3202

[8] Khorrami, M., Choudhari, M., Jenkins, L., McGinley, C., Unsteady flowfield around tandem
cylinders as prototype for component interaction in airframe noise, Proceedings of the 11th
AIAA/CEAS Aeroacoustics Conference, Monterey, 2005, pp. 1–22.
https://doi.org/10.2514/6.2005-2866

[9] Kok, J. C., Resolving the dependence on freestream values for k-ω turbulence model, Notes on
Numerical Fluid Mechanics and Multidisciplinary Design, Springer 38 (7) (2000) 1 292–1 295.
https://doi.org/10.2514/2.1101

[10] Kok, J. C., Dol, H., Oskam, B., van der Ven, H., Extra-large-eddy simulation of massively sepa-
rated flows, Proceedings of the 42nd AIAA Aerospace Sciences Meeting and Exhibit, Reno, 2004,
pp. 1–12. https://doi.org/10.2514/6.2004-264
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