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Abstract

The present study unveils research that examines the laminar motion of water-infused nanofluid comprised of
nanoparticles of TiOq (titanium dioxide), Ag (silver), and Cu (copper) over a stretching sheet. The flow under-
goes a novel slip condition based on Thomson and Troian to model complex fluid behavior near solid walls and
incorporate the Darcy-Forchheimer model to comprehensively analyze the influence of a porous medium on flow
behavior. Moreover, a heat source/sink and radiation are included to ensure the outcome of the energy equation
will resemble most actual-world applications. Partial differential equations (PDEs) of higher order, originally used
to describe the system are then reformulated into higher-order non-linear ordinary differential equations (ODEs)
by taking symmetry variables that are chosen thoughtfully. The resulting boundary layer equations are then turned
into a set of ODEs by implementing relevant similarity transformations, which can be solved using the MATLAB
function bvp4c. Through graphs, the variations in the velocity, Nusselt number, temperature, and skin friction co-
efficient were displayed. The outcome showed that the incorporation of silver nanoparticles (0.01-0.03) enhanced
the skin friction coefficient by ~ 1.68 % and the Nusselt number reduced up to = 5 %. The Forchheimer number
also reported a 6.5% enhancement and 1.5% reduction in the skin friction coefficient and the Nusselt number,
respectively. The velocity slip parameter y; correlates with an upswing in temperature and skin friction coefficient
for the ternary nanofluid while observing a decline in the velocity and Nusselt number.
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1. Introduction

The study of nanofluids has grown to be a significant research area due to its many uses for
the manufacture of mineral-based oils, liquids, solar energy and electronic devices. More than
two decades have passed since the investigation of a novel class of functional fluids in use,
termed nanofluids [5]. The terminology “nanofluids” was initiated by Choi in 1995 to charac-
terize fluids harboring dispersed nanoparticles [49]. Nanofluids, which are produced by disper-
sion nanomaterials within ordinary fluid heat-transferring fluids, are proposed as the upcoming
phase of heat-transferring fluids as they provide intriguing novel possibilities for enhancing the
effectiveness of heat transmission in comparison to average fluids [41]. A fluid obtained when
either metallic or non-metallic nanoparticles, nanotubes, nanofibers, or nanowires possessing
an average size below 100 nm are dispersed in a liquid, is known as a nanofluid. Oil, ethylene
glycol, water and propylene glycol are a few examples of heterogeneous combinations of both
liquid and solid forms that collectively make up a nanofluid [28]. Small particles (metal (Cu,
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Ag, Au), carbon (graphene, diamond, graphite, fullerene, carbon nanotube) or metal oxides
(TiO4, AlyO3, ZrO,, SiO,, CuO)) constitute the solids in this specific instance [6,27]. This
mixture establishes a colloidal solution in constant situations, with or without the presence of
dispersion agents. Nanofluids have recently garnered a lot of attention due to their significantly
improved thermal characteristics [12,17,23]. Nanofluids offer the capacity to decrease the ther-
mal barriers, and the industrial sectors that could profit from comparable enhanced heat transfer
fluids are very diverse [46,50]. An additional inactive method of enhancing heat transfer that
has drawn a lot of interest from academics and researchers is the utilization of nanofluids as a
channel for heat transfer. Its unique transport characteristics distinguish it from a base fluid and
make it the ideal operating fluid for all heat transfer devices. Increased heat transfer properties
of a solid-liquid stage combination are generally caused by suspended particles of solids with
greater thermal conductivity in the main fluid. As a result of its special cooling properties, a
nanofluid has been applied in every science and technology phase, including thermal storage,
solar energy conversion (solar cells, solar stills), HVAC (Heating, Ventilation, and Air Condi-
tioning) systems, tubes for heating structures, space and defense, healthcare, vehicles, radiators,
nuclear-powered reactor cores and photovoltaic thermal systems (PV/T) [8,9,30,34].

Hybrid and tri-hybrid nanofluids are the latest varieties of fluid made from nanocompos-
ite technology that are excellent at transmitting energy [14]. In recent years, investigators and
researchers have produced a pioneering nanofluid, by adding nanoparticles of three dissimilar
kinds into the finest fluid. A tri-hybrid or ternary nanofluid (THNF) denotes this revolutionary
nanofluid. The increased need for cooling agents in the mixture of its excellent thermal po-
tential at the level of manufacturing has occupied scientists to improve the current nanofluid,
owing to this fact THNF has undergone the improvement of thermal properties [18]. THNF
has several interesting characteristics. Investigators are very interested in THNFs because of
their exceptional thermophysical properties. When it comes to their capacity for heat transport,
THNFs are superior to mono and hybrid nanofluids [47]. In [31], Mousavi et al. investigated
the heterogeneous THNFs of titanium oxide, copper oxide, and magnesium oxide. Algehyne et
al. [3] investigated the transfer of energy via a THNFs flow over an extended permeable barrier
made up of MgO, TiO,, and CoFe;O, nanoparticles.

Darcy is acknowledged for developing the concept of fluid flow over porous media. How-
ever, due to its disadvantages—Ilower porosity and lesser velocity—this idea would not have
been as widely recognized. To resolve the evident deficit, Forchheimer modified the momen-
tum model by adding a quadratic velocity component. Later on, Muskat labeled this component
’the Forchheimer term” [15]. The Darcy-Forchheimer model was addressed by Pal and Mondal
who arrived at the conclusion that a high electric field causes the fluid’s volume to decrease
using porous materials across a continuously expanded surface [35]. In [37], Rooman et al.
examined velocity and heat transport in the context of the Darcy-Forchhemier model for the
THNFs of TiO,, Al;O3, and SiO,. Gul et al. [19] investigated the enhancement of heat move-
ment for the Darcy-Forchheimer THNF of TiO,, CoFe;O4 and MgO /H,O. In [11], Dero et al.
studied the 3D magnetized device using the Darcy-Forchheimer movement across a decreasing
area of the Cu + Al;O3/H50 hybrid nanofluid (HNF). In [45], Tlili et al. analyzed the persis-
tent 3D Eyring-Powell nanoliquid flow across an uneven stretchable Darcy-Forchheimer sponge
substrate, employing entropy generation analysis. The outcome suggests a marked reduction in
liquid velocity by alterations in the Darcy-Forchheimer number (Fr).

Selection of an appropriate boundary condition is crucial during the modulation of fluid flow.
One of the simplest and most commonly used boundary conditions is the no-slip condition.
This condition dictates that a liquid element adjacent to the surface assumes the velocity of
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the surface [10]. Unlike the no-slip condition, the Navier slip condition allows for a finite slip
velocity at the boundary, where the slip velocity depends linearly on the shear stress. The Navier
slip condition accommodates a range of slip behaviors by adjusting the slip length parameter,
making it versatile for different fluid-solid interactions [33]. The Thompson and Troian slip
condition can be considered as a more generalized form of the classical Navier slip condition.
While the Navier slip condition assumes a linear relationship between the slip velocity and the
shear rate at the boundary, the Thompson and Troian slip condition introduces a non-linear
dependence on the shear rate [44].

In [25], Li et al. examined a THNF, which is produced by holding nanoparticles of three dis-
tinct types: TiO,, Cu, and Ag/H,0, and evaluated it past an extended sheet under the influence
of slip constraints according to Thomson and Troian. The study findings showed temperature
enhancement but reduced flow velocity with nanoparticle suspension due to density effects. The
stagnation region movement of carbon nanoliquids paired to a generated magnetic field over a
Riga surface with the inclusion of the Troian and Thomson slip conditions is studied in [32].
Ahmad and Nadeem addressed in their work [1] the reduction of entropy in the stagnation point
dynamics of an HNF over a porous medium’s non-linear and permeable stretching sheet un-
der the Thomson and Troian slip circumstances. The results showed that HNF with carbon
nanotubes enhanced thermal conductivity and heat transfer performance more effectively than
a simple nanofluid. Subject to the Thomson and Troian boundary conditions and taken into
account within the Darcy-Forchheimer porous media, Akaje [2] examined the impact of non-
linear radiative warmth on specific heat exchange in a magnetohydrodynamic (MHD) Casson
nanofluid at a stagnation point. The medium temperature is shown to decrease with an ele-
vated thermal relaxation parameter based on the obtained results, while greater heat transfer is
noted with expanded temperature proportion heating radiation, Biot number, Eckert number,
and Casson variable. In [29], Mishra investigated the electromagnetic and thermal character-
istics of THNF flowing over a permeable plate by considering the Thomson and Troian slip,
suction/blowing, and chemical reaction effects. The skin friction coefficient and Nusselt num-
ber were found to be greatly impacted by changes in the velocity slip parameter, underscoring
the parameter’s crucial significance in the dynamics of fluid flow and heat transfer. Xin et
al. [48] examined the impact of Joule heating and viscous dissipation on the thermal perfor-
mance of Williamson nanofluid under the Thompson and Troian slip conditions. The results
indicated that higher thermophoresis and Brownian motion parameters enhance heat conduc-
tion, increased Eckert numbers boost nanofluid temperature, and Lorentz forces regulate flow
velocity.

Despite the advancements in understanding nanofluid behavior, a research gap exists in ex-
ploring the flow characteristics of Ag—Cu—Ti0O,/H2O THNF over a stretched sheet, particularly
under the Thomson and Troian slip parameters and within porous media. Therefore, utilizing
the Darcy-Forchheimer model (for porous media), the authors have thought about analyzing the
fluid motion and the exchange of heat characteristics under the influence of slip constraints of
the nanofluid generated from a base fluid (water) with suspended nanoparticles (Ag, Cu, and
TiO,). This investigation seeks to evaluate and clarify the effects associated with these condi-
tions. The governing partial differential equations (PDEs) for flow and heat distribution are first
transformed into a set of self-similar nonlinear ordinary differential equations (ODEs) using the
similarity solution technique. The reduced coupled ODEs are mathematically solved using the
MATLAB bvp4c approach. The resulting data is then visualized in figures and tables, which are
used to discuss the physical effects of varying parameters on the system.
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Fig. 1. Flow arrangement

2. Mathematical description of the problem

Let us consider a situation where a ternary nanofluid containing TiO,, Cu, and Ag nanopar-
ticles in water experiences a two-dimensional laminar flow. This fluid flows over a horizon-
tally stretched sheet (Fig. 1), with uw,, = ax as velocity, and along the respective y- and x-
axes, the flow is characterized by the v- and u-components. The Thomson and Troian slip
conditions, along with temperature slip at the sheet surface, are considered. Heat generation,
Darcy-Forchheimer effects, and mixed convection are also taken into account. The governing
equations, boundary layer approximation, and the impact of radiation effects can be written as
follows [25,26]:

ou Ov
3ty =0 M
ou  Ou Pu g (0B)y Vig >
Yor oy g T oif (T = Too) = g = P, @
or  oT PT Qo 1 g,
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The kinematic viscosity is expressed as v = yu/p, ' = Cy/[z(k*)'/?] is the medium variable
inertia coefficient, where k* is the permeability of the porous medium denoted by 7', the tem-
peratures 1%, and T, correspond to ambience and surface. Further, py, By, 14, and (pCp)tf
denote the nanofluid effective density, thermal expansion coefficient, kinematic viscosity, and
heat capacitance. The subscript "¢’ indicates tri-hybrid nanofluid.

Selecting H,O as the fundamental fluid proves advantageous owing to its inherent optical
thickness, allowing for the effective utilization of the Rosseland approximation to model radia-
tion as [2]

4o* OT*
3K* Oy’

where o* and K™ represent the Stefan-Boltzmann term and the mean absorption coefficient.
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With due consideration, the specified boundary conditions [44] are formulated as follows

9 A aT
u:uw+u1—u<1—u2—u) , v=0, T=T,+L— at y=0,
dy dy dy

u—0, T—1T, as y— oo,

&)

where u; represents the Navier slip length density and w5 is the reciprocal of some critical shear
rate. Employing a similarity transformation [7] as follows

B N £ AP o

the PDEs are altered into an ODEs set, where the stream function is defined as i(z,y) =
avyxF(n) and the system of equations obtained is
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The form of the related boundary conditions is as follows

"

/1T — ,72F//’

The expressions provided below represent the quantities of physical significance after undergo-
ing a transformation,

F(0)=0, F'(0)=1+m 0(0) =1+ T,0', F'(c0) — 0, O(c0) = 0. (9)

Htf rn Nu, th 4 ,
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The non-dimensional parameters that are taken under consideration during the transformation
of the system of equations are
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3. Solution procedure and validation

The solution of the system of non-linear ODEs (7)—(8) has been accomplished, taking into
account the prescribed boundary conditions (9) through the effective utilization of the bvp4c
numerical technique in MATLAB [20, 38—40]. One of the primary merits of employing this
method is its proficiency in solving multipoint boundary value problems (BVPs), a capability
that distinguishes it from most other methods available. Furthermore, it offers a user-friendly
interface for source code modification, making it adaptable to a wide range of problem types.
For the solution achieved, a new conversion is discussed as follows:
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Table 1. A comparison of the findings related to —6'(0)

Pr | Present result | Gorla and Sidwai [36] | Khan and Pop [24] | Hamad [21]
0.70 0.4539 - 0.4539 0.4539

2 09114 09114 09113 09113
6.13 1.7597 1.7596 1.7597 -

7 1.8954 1.8954 1.8954 1.8954
20 3.3539 3.3539 3.3539 3.3539

We are introducing novel variables and embedding them within the equations to refine our
analysis,

F:f(1)7 F,:f<2)7 F,/:f(?’)v sz(4)7 Q,Zf(5> (11)

Incorporating the newly introduced variables into the equation set (7)—(8) results in the deriva-
tion of a system of first order equations

f(1) = f(2),
f'2)=f0),
gy - Hr Of | porion2Qd (08)y _ oy _ f(oy2

P = 2 |3 s rr P - - 2 (fpe) - )]
f'(4) = f(5),

) = b [ L r06) + Qs )] (G2 4 3R)

The boundary conditions (9) transform into
f3)

fa(1) =0, fa(2) =1+ | fa(4) =1+ Tufa(5), fb(2) =0, fb(4) = 0.

1 —%f(3)

In conclusion, we solve the first order system of equations under the influence of boundary
conditions using the MATLAB software. We fine-tune the initial approximations, step size, and
position of the boundary layer edge for accuracy assurance. The current study aligns well with
findings from prior publications. To ensure accuracy, the obtained solutions are cross-validated
(for the Prandtl number Pr) against the existing literature results, demonstrating a consistent
match, as summarized in Table 1.

4. Results and discussion

This section contains a thorough review and assessment of our bvp4c method-derived results.
These results are systematically documented in tables and graphs, providing insight into the
intricate behavior of the ternary nanofluid Ag—Cu-TiO,/H,0O, where Tables 2 and 3 show the
expression for distinct characteristics of these nanoparticles and thermal properties of nanofluid.
The visual depiction of important fluid flow characteristics, such as the radiation parameter (R),
the concentration of nanoparticles (¢), the mixed convection parameter (\), and the Forchheimer
number (Fr), is captured in Figs. 2-5, as well as the velocity slip parameter (7;) and the local
porosity parameter (\;). Examining the temperature, local Nusselt number, nanoliquid velocity,
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Table 2. Tri-hybrid nanofluid characteristics related to heat and physical behavior [4,43]

Properties Tri-hybrid nanofluid
Density oy = (1= ¢1)(1 — @2)[(1 — ¢3)0f + P303] + D202 + 101
Viscosity fap = as

(L= 60751 — 6)*5(1 — 63)5
Ky _ kit (0= Dking = (0= D1 (knng — 1)

Thermal conductivity

khnf B kl + (n - 1)khnf + ¢1(khnf - kl)
Thermal expansion (08)yr = (1 — ¢1)(1 — o) [(1 — ¢3)(05) s + ¢3(05)3]
coefficient + ¢2(08)2 + ¢1(08)1

(Qcp)tf = (1 - le)(l - ¢2) [(1 - ¢3)(Qcp)f + ¢3(Qcp)3}

Heat it
eat capacity + ¢2(0C})2 + ¢1(0Cp )1

Table 3. Nanoparticles and base liquid physical characteristics [13,22]

Parameters TiO, | Cu Ag H,O

o[kgm™3] 4250 | 8933 | 10500 | 997.1
K[Wm K™ | 8953 | 401 429 | 0.6071
C,[Tkg P K1) | 686.2 | 385 235 4179
Bx107° K7 | 0.9 1.67 | 1.89 21

and skin friction coefficient for the aforementioned flow-related variables is intended. Table 4
demonstrates how changing different parameters affects the values of F'(0), 6/(0) (A = 1.0,
T, =0.6,Q = —0.2,Pr =6.2, ¢ = ¢ = 0.01, 79 = 0.4, and \; = 0.5). The results indicate
that ¢35 (0.01-0.03) enhances the skin friction coefficient by approximately 1.68 % and reduces
the Nusselt number by up to 5 %. Additionally, Fr is associated with a 6.5% increase in the skin
friction coefficient and a 1.5% decrease in the Nusselt number. By contrast, an increase in R

Table 4. Variation in —F”(0) and —¢’(0) with distinct variables

Ry o5 | Fr|—F'(0)] —¢
080200105/ 09433 | 0.7149
0.02 0.9682 | 0.7088
0.03 0.9908 | 0.7029
0.4 0.7851 | 0.6873
0.6 0.6493 | 0.6759
0.8 0.5532 | 0.667 4
0202 1.0227 | 0.8033
0.4 1.0110 | 0.7645
0.6 1.0004 | 0.7315
0.8 1.0 | 1.0679 | 0.6978
1.5 | 1.1373 | 0.6873
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Fig. 2. The dependence of F’(n) on (a) Fr, (b) 71, and (c) A

and 7, significantly reduces both the skin friction coefficient and the Nusselt number.

Fig. 2 presents the variation in the velocity profile with Fr, v;, and A. The Forchheimer
number describes the relative significance of inertial vs. viscous effects in porous medium flow.
From Fig. 2a, it is apparent that when the Fr parameter increases (0-2.0), there is a decrease in
the velocity of nanofluid (Ag—Cu-TiO,/H,0). Higher Forchheimer numbers indicate a greater
emphasis on the drag force, which opposes flow and results in lower fluid velocity. Fig. 2b
represents the behavior of velocity corresponding to ;. It was found out that the velocity slip
parameter elevation slowed down the nanofluid movement. Fig. 2c demonstrates the impact of
raising the convection parameter (\) on nanofluid flow. When ) increases, there is a noticeable
increase in the velocity of the nanofluid flow. An increased mixed convection parameter leads
to greater buoyant force, implying a significant enhancement in the velocity profile magnitude
[42].

With the increase in R (0.2-1.0), see Fig. 3a, the temperature within the ternary nanofluid
is undergoing an upward trend. This effect is attributed to the enhanced heat input to the fluid
during the radiation process, which improves the distribution of temperature across the fluid.
This insight is well aligned with published information and highlights thermal radiation partic-
ularly in applications where precise control of temperature profiles is critical, such as in thermal
management systems and industrial processes [1]. Fig. 3b shows elevation in the thermal pro-
file with the elevation in the velocity slip parameter (7, = 0.2,0.5,1.0,1.5). It is clear from
Fig. 3c that with the increase in the porosity parameter (\; ranging from 0 to 2.0), the temper-
ature profile also rises. A rise in porosity enables a larger fluid volume to traverse the medium,
facilitating heat transfer and contributing to an elevation in the overall temperature.

In relation to A, Fig. 4a illustrates variations in the lowered Nusselt number, Nu(ReI)_l/ 2
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Fig. 5. The dependence of Cf (Re)'/2 on (a) Fr, (b) ¢3, and (c) 1

when ~; has a specific level (0.2—1.5). The heat transmission is reduced with the elevation in
71 value. Fig. 4b is plotted for Nu(Re,)~'/2 against R. Elevated Fr values are linked to a lesser
alteration in the reduced Nusselt number, whereas this alteration becomes more prominent with
a rise in the parameter R. The consequences of varying nanoparticle volume composition (¢3)
and )\ on heat transfer are graphically captured in Fig. 4c. The improved value of the Nusselt
number helps the fluid to dissipate heat from a heated surface to the surrounding fluid more
effectively, hence the nanofluid experiences a synergistic boost in heat transfer efficiency as
higher nanoparticle concentration (¢3) facilitates intensified heat conduction, complemented by
increased fluid motion driven by mixed convection ().

The behavior of the reduced skin friction, Cf (Rex)l/ 2, is effectively illustrated in Fig. 5.
Fig. 5a-b serves as a visual guide to understanding how the reduced skin friction responds to
changes in the convection parameter for different Fr (Fr = 0,0.5,1.0,1.5,2.0) and ¢3 (¢3 =
0.01,0.02,0.03,0.04, 0.05) values, Fig. Sa—b. In both these graphs, the same trend can be ob-
served, in which the value of Cf (Re,)'/? decreases with an increase in the parameters Fr and ¢s,
respectively, with an increasing factor corresponding to A\. With an elevation in ¢3, a decreasing
trend is noted for skin friction which correlates with results published in [16]. Higher values of
the parameter ~; are found to enhance the change in Cf (Re,)'/2, as shown in Fig. 5c.

5. Conclusions

In this research paper, computational numerical modeling is performed for the two-dimensional
laminar movement of a ternary nanofluid Ag—Cu-TiOs/H,O over a horizontally extending
sheet. The model incorporates the innovative Thomson and Troian slip conditions to simulate
complex fluid behavior. Additionally, we integrate the Darcy-Forchheimer model and mixed
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convection for a thorough investigation of the impact of the porous medium on flow dynamics.
We implemented the bvp4c technique in MATLAB for our problem solution. The precision of
our findings has been ensured by the careful adjustment of boundary layer parameters and initial
approximations, which is in line with prior research. The primary conclusions drawn from this
study are:

1.

The combined effects of ternary nanofluids, porous media, and mixed convection offer
a unique approach to regulating heat transfer characteristics. The presence of multiple
nanoparticles (TiO,, Cu, and Ag) intensifies thermal conductivity within the nanofluid,
while the porous medium introduces additional thermal resistance. Mixed convection, aris-
ing from buoyancy forces and the stretching sheet motion, further influences heat transfer
behavior.

The Thomson-Troian slip velocity can lead to higher drag on heat exchanger surfaces while
reducing heat transfer efficiency. This translates to increased pumping power requirements
due to the higher drag and lower cooling/heating capacity of the heat exchanger due to the
reduced heat transfer.

. The presence of a porous medium results in a reduction of the momentum boundary layer and

inflation in the thermal boundary layer. Additionally, the Forchheimer number is associated
with a 6.5% increase in the skin friction coefficient and a 1.5% decrease in the Nusselt
number.

We studied the behavior of the skin friction coefficient of the nanofluid with ¢3 (concentra-
tion of silver nanoparticles). Here the concentration of Ag is considered because of its high
thermal conductivity. Incorporating silver nanoparticles (0.01-0.03) results in an increase
about 1.68 % in the skin friction coefficient and a reduction in the Nusselt number by up to
5 %.

Complex trends can be seen in the lowered Nusselt number, which increases with larger
nanoparticle volume percentage (¢3) and mixed convection parameter (\).
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