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Abstract

During last decades, upwind schemes have become a popular method in the field of computational fluid dy-
namics. Although they are only first order accurate, AUSM (Advection Upstream Splitting Method) schemes
proved to be well suited for modelling of compressible flows due to their robustness and ability of capturing shock
discontinuities. In this paper, we review the composition of the AUSM flux-vector splitting scheme and its im-
proved version noted AUSM+, proposed by Liou, for the solution of the Euler equations. Mach number splitting
functions operating with values from adjacent cells are used to determine numerical convective fluxes and pressure
splitting is used for the evaluation of numerical pressure fluxes. Both versions of the AUSM scheme are applied for
solving some test problems such as one-dimensional shock tube problem and three-dimensional GAMM channel.
Features of the schemes are discussed in comparison with some explicit central schemes of the first order accuracy
(Lax-Friedrichs) and of the second order accuracy (MacCormack).
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1. Introduction

The growth of interest in computational fluid dynamics in 1980s brought the development
of sufficiently robust, accurate and efficient numerical methods. Especially, upwind schemes
proved to be efficient for the solution of compressible inviscid flow problems described by the
non-linear system of the Euler equations. Recently, upwind schemes have become well-used
for their accuracy with regard to other first order accurate schemes (e.g. central explicit Lax-
Friedrichs scheme) and for their capability of capturing shock and contact discontinuities in
a wide variety of problems.

In 1990, the AUSM scheme was presented as a simple, first order accurate and robust
method in comparison with existing numerical schemes and became early one of the most used
computational fluid dynamics techniques. Several attempts have been made in the following
years to improve the original AUSM scheme proposed by Liou and Steffen, [5]. Various types
of flux splittings, [4], have been tested to increase accuracy and to reduce numerical diffusion.
Various versions of the AUSM-family schemes have been written into numerical codes.

In this paper, we review the finite volume formulation of the first order accurate AUSM
scheme proposed by Liou and Steffen, [5]. Secondly, we mention an improved AUSM+ scheme,
[3], having following features: exact resolution of stationary shock discontinuities, positivity
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preserving of scalar quantity such as the density, improved accuracy with regard to its predeces-
sor AUSM and other popular schemes, simplicity and easy generalization to other conservation
laws. In order to improve the accuracy, Mach number and pressure splitting functions are used
in these AUSM schemes. Necessary mathematical properties of these splitting functions and
detailed steps in the construction of the schemes are also mentioned in the paper.

The main contribution is creation of the software based on the finite volume formulation of
the AUSM and AUSM+ schemes on a structured grid and its application for the solution of test
problems. Firstly, features of the schemes are shown on the shock tube problem. The results
are analyzed in comparison with the exact solution and with results obtained by well-known
central schemes of the first and second order accuracy. Three-dimensional inviscid transonic
flow through the 3D GAMM channel is also considered and the results obtained by the AUSM+
scheme are compared with the numerical solution achieved by the central second order accurate
two-step MacCormack scheme.

2. Mathematical model

The mathematical model of a compressible inviscid fluid flow is described by the non-
linear conservative system of the Euler equations. In the two-dimensional Cartesian coordinate
system, the hyperbolic system of the Euler equations can be expressed by

∂W

∂t
+
∂f(W )
∂x

+
∂g(W )
∂y

= 0 , (1)

wherex, y are the Cartesian coordinates,t is time,W = [ρ, ρu, ρv, ρE]T is the vector of con-
servative variables andf(W ) = [ρu, ρu2 + p, ρuv, ρuH]T , g(W ) = [ρv, ρuv, ρv2 + p, ρvH]T

are the Cartesian components of the inviscid fluxF (W ) = (f(W ), g(W ))T . In these expres-
sions,ρ is the density,p is the static pressure,E is the total energy per unit mass,v = (u, v)T

is the velocity vector andH is the enthalpy. The relation between the enthalpy and the total
energy can be written asH = E + p/ρ. The conservative system of the Euler equations (1)
has to be completed with an equation of statep = p(ρ, T ), whereT is the thermodynamical
temperature. For the inviscid compressible flow with ideal gas properties, the static pressure
p can be expressed by the constitutive relation

p = (κ− 1)
[
ρE − 1

2
ρ

(
u2 + v2

)]
, (2)

whereκ is the Poisson’s ratio.

3. Numerical method

In this section, we will firstly show the finite volume formulation of the upwind scheme.
Then we will focus on the detailed description of the process which leads to the determination
of numerical fluxes in both AUSM and AUSM+ schemes. Mathematical properties of splitting
functions, that are used to improve accuracy of the schemes, will be also mentioned.

3.1. Finite volume discretization of the Euler equations

For the discretization of the conservative system of the Euler equations (1), the cell-centered
finite volume method on a structured quadrilateral grid was used. In this method, the compu-
tational domainΩ ∈ R2 is subdivided into a finite number of non-overlapping quadrilateral
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Fig. 1. Finite volumeΩij and AUSM fluxes through its faces.

finite volumesΩij with the boundary∂Ωij, [1]. Integrating of (1) overΩij and applying the
Gauss-Ostrogradski’s Theorem to this system we obtain

∂

∂t

∫
Ωij

W dΩij +
∮

∂Ωij

(nxf + nyg)dS = 0 , (3)

wherenx andny are the Cartesian components of the unit vector normal to the boundary∂Ωij.
Substituting the first integral on the left side of (3) byW ij · |Ωij|, whereW ij is the integral
average ofW overΩij and|Ωij| is the area of the cellΩij, we get

dW ij

dt
· |Ωij|+

∮
∂Ωij

(nxf + nyg)dS = 0 . (4)

Substituting the time derivation ofW ij by a difference formula of the first order accuracy and
the integral in (4) by a sum of numerical fluxes, together with the notationW ij ≡ Wij we get

W n+1
ij =W n

ij −
∆t
|Ωij|

·
4∑

k=1

f̂kSk , (5)

wheref̂k are numerical fluxes through the appropriate edge of the quadrilateral control volume
Ωij andSk are the edge lengths, e.g.̂f1 ≡ f̂L/R in fig. 1. The numerical fluxes through each
face of the control volume can be written as combinations of convective and pressure terms

f̂ = nxf + nyg = Vn


ρ
ρu
ρv
ρH

+ p

0
nx

ny

0

 = f̂ c + p


0
nx

ny

0

 , (6)

whereVn = unx + vny is the convective velocity normal to the appropriate interface. There is
a number of ways how to compute the numerical fluxes in AUSM schemes. The description of
such processes in AUSM and AUSM+ schemes is given below.
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3.2. AUSM scheme

The first step in the construction of AUSM fluxes is to compute the interface-normal Mach
numbers for the left and right cells corresponding to each face of the control volume. We
consider

ML =
~VL · ~n
aL

, MR =
~VR · ~n
aR

, (7)

whereaL, aR are values of the speed of sound,~VL, ~VR are the velocity vectors in the left end right
cells,~n is the unit vector normal to the appropriate face and(·) denotes the scalar product of
two vectors. Values from (7) play an important role in determining the interface Mach number

ML/R =M+(ML) +M−(MR) , (8)

whereM+ andM− are the Mach number splitting functions. These functions are used in the
AUSM schemes to improve their accuracy. We require that they satisfy following properties,
[3]:

• (M1) M+(M) +M−(M) =M , for consistency.

• (M2) M+(M) ≥ 0 andM−(M) ≤ 0.

• (M3) M± are monotone increasing functions of M.

• (M4) M+(M) = −M−(−M), i.e., a symmetry property.

• (M5) M+(M) =M asM ≥ 1; M−(M) =M asM ≤ −1.

• (M6) M± are continuously differentiable.

In this paper we will consider Mach number splitting functions in the form, [6],

M±(M) =

{
1
2(M ± |M |), if |M | > 1,
±14(M ± 1)2 ± 1

8(M
2 − 1)2, otherwise.

(9)

The pressure term is obtained similarly as the interface Mach number considering

pL/R = P+(ML) · pL + P−(MR) · pR , (10)

wherepL, pR are values of the static pressure in the left and right cells. The pressure splitting
functionsP± must satisfy following six properties, [3]:

• (P1) P+(M) + P−(M) = 1, for consistency.

• (P2) 0 ≤ P±(M) as required by the physical constraint that the pressure be nonnegative.

• (P3) ∂P+/∂M ≥ 0 and∂P−/∂M ≤ 0.

• (P4) P+(M) = P−(−M).

• (P5) P+(M) = 1 asM > 1; P−(M) = 1 asM < −1.

• (P6) P±(M) are continuously differentiable.
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In the case of the AUSM scheme, following pressure splitting functions were used, [3],

P±(M) =
{
1
2(M ± |M |)/M, if |M | > 1,
1
4(M ± 1)2(2∓M), otherwise.

(11)

Consequently, the convective term of the numerical flux through a cell interface can be written
as

f̂ c
L/R =

{
ML/R · f̂ c

L, if ML/R ≤ 0,
ML/R · f̂ c

R, if ML/R > 0,
where f̂ c

L(R) =


ρa
ρau
ρav
ρaH


L(R)

. (12)

The total AUSM flux through a cell face can be finally expressed by the formula

f̂L/R =
1
2
ML/R(f̂

c
L + f̂ c

R)−
1
2
|ML/R|(f̂ c

R − f̂ c
L) + pL/R


0
nx

ny

0

 . (13)

3.3. AUSM+ scheme

The process of determining numerical fluxes in the AUSM+ scheme is similar to that in the
AUSM scheme, and therefore, we will show only differences between these schemes. Firstly,
the interface speed of sound is introduced using the arithmetic average of two neighbouring
values, [6] or [3],

aL/R =
aL + aR

2
. (14)

Then the Mach number values in the left and right cell sides are given by the relations

ML =
~VL · ~n
aL/R

, MR =
~VR · ~n
aL/R

. (15)

The interface Mach numberML/R is determined by the equation (8), where the Mach number
splitting functions (9) are considered. The interface pressurepL/R is obtained using (10), but
the pressure splitting functionsP± are determined by, [6],

P±(M) =
{
1
2(1± sign(M)), if |M | ≥ 1,
1
4(M ± 1)2(2∓M)± 3

16(M
2 − 1)2, otherwise.

(16)

The final form of the AUSM+ numerical flux through a cell face is

f̂L/R =
1
2
ML/R aL/R(f̂

c
L + f̂ c

R)−
1
2
|ML/R| aL/R(f̂

c
R − f̂ c

L) + pL/R


0
nx

ny

0

 , (17)

where the convective flux is considered asf̂ c
L(R) = [ρ, ρu, ρv, ρH]

T
L(R).
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4. Applications and numerical results

4.1. The shock tube problem

The shock tube problem is a case of shock waves propagation in a one-dimensional tube and
is often used for testing various numerical methods, [1]. An important reason for us to choose
this problem as an example is that its exact analytical solution is known, [1]. Thus, it is very
easy to compare numerical results with the analytical solution and to judge the accuracy of the
numerical solution.

We assume a one-dimensional tube, wherex ∈< 0; 1 >, with a diaphragm initially located
in x = 0.5 separating two different states of gas. We study the time evolution of this problem
after removing the diaphragm. Following initial conditions in the dimensionless form have been
adopted:

• p = 1, ρ = 1, u = 0 for x ≤ 0.5,

• p = 0.1, ρ = 0.125, u = 0 for x > 0.5.

In all figures given below, the obtained numerical results are compared with the exact solution.
In fig. 2, fig. 3 and fig. 4, we can see comparisons of the numerical solutions computed by two
schemes of the first order accuracy - the upwind AUSM scheme and the well-known central
Lax-Friedrichs scheme. From these figures, it is obvious that the AUSM scheme gives better

Fig. 2. Density distributions in the shock tube ob-
tained using Lax-Friedrichs and AUSM schemes
together with the exact solution.

Fig. 3. Pressure distributions in the shock
tube obtained using Lax-Friedrichs and AUSM
schemes together with the exact solution.

Fig. 4. Velocity distributions in the shock
tube obtained using Lax-Friedrichs and AUSM
schemes together with the exact solution.

Fig. 5. Density distributions in the shock tube
obtained by the MacCormack scheme with Jame-
son’s artificial viscosity and the AUSM scheme
together with the exact solution.
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Fig. 6. Pressure distributions in the shock tube
obtained by the MacCormack scheme with Jame-
son’s artificial viscosity and the AUSM scheme
together with the exact solution.

Fig. 7. Velocity distributions in the shock tube
obtained by the MacCormack scheme with Jame-
son’s artificial viscosity and the AUSM scheme
together with the exact solution.

Fig. 8. Density distributions in the shock tube
obtained using AUSM, AUSM+ and AUSM with
minmod limiter schemes together with the exact
solution.

Fig. 9. Velocity distributions in the shock tube
obtained using AUSM, AUSM+ and AUSM with
minmod limiter schemes together with the exact
solution.

Fig. 10. Pressure distributions in the shock tube obtained using AUSM, AUSM+ and AUSM with
minmod limiter schemes together with the exact solution.

results, especially in the vicinity of shock and contact discontinuities. Another comparisons
are made in fig. 5, fig. 6 and fig. 7, where the results obtained using the AUSM scheme and
the explicit two-step MacCormack scheme of the second order accuracy are shown. We can
see that the central MacCormack scheme gives more accurate results then the AUSM scheme,

M. Hajžman et. al  / Applied and Computational Mechanics 1 (2007) 469 - 478

475
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but it produces oscillations near shock and contact discontinuities. In order to reduce these
oscillations, the Jameson’s artificial viscosity, [7], was added to the scheme with coefficients
α2 = 0.8 andα4 = 0.03. The last comparison is made in fig. 8, fig. 9, fig. 10, where the results
obtained using the AUSM scheme, the AUSM+ scheme and the improved second order accurate
AUSM scheme with theminmod limiter, [8] and [2], are shown. From these figures, we can
see that the AUSM+ scheme gives somewhat better results than the original AUSM scheme,
but the most accurate results were obtained using the improved AUSM scheme withminmod
limiter.

4.2. The 3D GAMM channel

As the second test problem, the transonic flow of inviscid fluid through the three-dimensional
GAMM channel was considered. Geometry of this channel with the obstacle is shown in
fig. 11. The computational domain was discretized by a structured hexahedral grid consisting
of 200× 50× 21 cells illustrated in fig. 12.

Following boundary conditions were prescribed at the inlet section for the subsonic case:

• dimensionless value of total pressurep̄0 = 1 coressponding top0 = 1.37483 · 105 Pa,

• dimensionless value of total densityρ̄0 = 1 corresponding toρ0 = 1.4637 kg m−3,

• two inlet stream anglesϕ = 0o andψ = 90o.

At the outlet boundary, only one condition was prescribed for the subsonic case:

• dimensionless value of static pressurep̄2 = 0.737 corresponding to the real value of
p2 = 1.01325 · 105 Pa.

For the numerical solution of the problem of inviscid transonic flow through the three-dimensio-
nal GAMM channel, the first order accurate AUSM+ scheme was used. In this paper, the
numerical results obtained by this scheme are compared with the results obtained by the second
order accurate, explicit two-step MacCormack scheme with the Jameson’s artificial viscosity.
The coefficients in the dissipative term were chosen asα2 = 0.75 andα4 = 0.045, see [7].

Mach number distributions along the lower and upper channel walls forz = 0, z = 0.5
andz = 1 are shown in fig. 13, fig. 14 and fig. 15. It is obvious that the results obtained by
the AUSM+ scheme are not as well as the results obtained by the MacCormack scheme. On
the other hand the AUSM+ scheme captures the shock satisfactorily with regard to the second
order accurate MacCormack scheme, even though it is only of first order accuracy. The first-
order spatial accuracy of the AUSM+ scheme can be improved using a linear reconstruction
with limiters, for more details see [2], [8], [1].
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Fig. 11. Geometry of the 3D GAMM channel.
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Fig. 12. Grid of the 3D GAMM channel.

M. Hajžman et. al  / Applied and Computational Mechanics 1 (2007) 469 - 478

476
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Fig. 13. Mach number distributions along the
lower and upper walls of the 3D GAMM chan-
nel for z = 0 obtained using the AUSM+ and
MacCormack schemes.

Fig. 14. Mach number distributions along the
lower and upper walls of the 3D GAMM chan-
nel for z = 0.5 obtained using the AUSM+ and
MacCormack schemes.

Fig. 15. Mach number distributions along the lower and upper walls of the 3D GAMM channel forz = 1
obtained using the AUSM+ and MacCormack schemes.

5. Conclusion

The advection upstream splitting method has recently become a popular computational
method for solving problems of fluid dynamics, mainly due to its simplicity, robustness and
ability of capturing shock and contact discontinuities. A number of various versions of AUSM
schemes have been proposed since 1990. In this paper, the original AUSM scheme and its
improved version AUSM+ proposed by Liou, [5], [3], were reviewed. These methods were ap-
plied on two test problems and the results were analyzed in comparison with the exact solution
or with results obtained by other numerical schemes.

Considering the shock tube problem, we firstly compared two first order accurate schemes -
the upwind AUSM and the central Lax-Friedrichs scheme. It is obvious that the AUSM scheme
gives better results than the Lax-Friedrichs scheme and better captures shock and contact dis-
continuities. From the next comparison we can see that the central explicit two-step MacCor-
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mack scheme of the second order accuracy gives naturally better results than the AUSM scheme,
however it produces oscillations in the numerical solution near shock and contact discontinu-
ities leading to the application of the artificial viscosity. Then we analyzed results obtained
by various versions of upwind schemes - AUSM, AUSM+ and AUSM scheme with improved
accuracy usingminmod limiter. The AUSM+ scheme proved to be more accurate than the orig-
inal AUSM scheme, but the most accurate results were obtained using the second order accurate
AUSM scheme withminmod limiter. For the solution of the transonic inviscid flow through the
three-dimensional GAMM channel, the AUSM+ scheme was applied and the results were com-
pared with results obtained using the central explicit two-step MacCormack scheme presented
in [7]. It was shown that the results obtained by the MacCormack scheme with Jameson’s
artificial viscosity are more accurate then those obtained using the AUSM+ scheme.

Finally, we can say that the schemes from the AUSM-family proved to be more suitable for
solving of transonic inviscid flow problems than, for example, the central first order accurate
scheme such as Lax-Friedrichs scheme, particularly for their better capturing of shock and
contact discontinuities. Naturally, numerical schemes from the AUSM family in their original
forms are not as accurate as central explicit schemes of the second order accuracy such as the
MacCormack scheme with the Jameson’s artificial viscosity. Therefore, the improvement of
their accuracy using a proper reconstruction with limiters, [2], is desired. This will be the
object of our future interest.
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